Convergence of scalar-flat metrics on 
manifolds with boundary under the Yamabe 

flow 

Sergio Almaraz * 
Abstract 

This paper is concerned with a Yamabe-type flow for compact Rieman- 
nian manifolds with boundary. The convergence of this flow is established 
if the manifold with boundary satisfies either a generic condition or a pos- 
itive mass theorem. 
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1 Introduction 



Let M" be a closed manifold with dimension n > 3. In order to solve the 
Yamabe problem (see Il47l ), R. Hamilton introduced the Yamabe flow, which 
evolves Riemannian metrics on M according to the equation 

j t g(t)--(R g ( t) -R g{t) )g(t), 

where R g denotes the scalar curvature of the metric g and R g stands for the 

average I dv g \ I R g dv g . Here, dv g is the volume form of (M,g). Although 
\Jm I Jm 

the Yamabe problem was solved using a different approach in J6j[37l[45|, the 
Yamabe flow is a natural geometric deformation to metrics of constant scalar 
curvature. The convergence of the Yamabe flow on closed manifolds to a 
constant scalar curvature metric was studied by B. Chow |20J, H. Schwetlick 
and M. Struwe [41J, and R. Ye l48l . This question was completed solved by S. 
Brendle in 11211131 , where the author makes use of the positive mass theorem. 

In this work we study the convergence of a similar flow on compact n- 
dimensional manifolds with boundary, when n > 3. For those manifolds, J. 
Escobar raised the question of existence of conformal scalar-flat metrics on M 
which have the boundary as a constant mean curvature hypersurface. This 
problem was studied by J. Escobar 112611271 , F. Marques |33, 34 1, the author |3|, 
and S. Chen [17 \. The question of existence of conformal metrics with constant 
scalar curvature and minimal boundary was proposed in |25| and studied in 
CUES! (see also EEfl). 

Let (M",go) be a compact Riemannian manifold with boundary dM and 
dimension n > 3. We consider the following conformal invariant defined in 

Q(M,dM)= inf Jm - g Jm 2 - - 

gelg0] (L*>*f 



Jm + ^o" 2 ) dv g0 + f m 2H g yda 

mf 



go 



I ueC 1 (M),u^0 on dM) 



where H g and da g denote respectively the trace of the 2nd fundamental form 
and the volume form of dM, with respect to the metric g, and [go] stands for 
the conformal class of the metric go. 

In fffl . S. Brendle defined the following formulation of the Yamabe flow 
for manifolds with boundary (for a formulation with minimal boundary see 
MM)- 

_ inM, 
1 |g(f) = -2(H git) - H g(t) )g(t) , on dM . 
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and proved short-time existence of a unique solution to for a given initial 
metric. Here, H g stands for the average I da g I H g da g . In the same 

\JdM I JdM 

paper he proved the following result: 

Theorem 1.1. (S. Brendle, 2002) Suppose that: 

(i) Q(M,dM) <0; 
or 

(ii) Q(M,dM) > 0, M is locally conformally flat with umbilic boundary, and the 
boundary of the universal cover ofM is connected. 

Then, for every initial scalar-flat metric g(0) on M, the Yamabeflow \\.\) exists for 
all time t > and converges to a scalar-flat metric with constant mean curvature on 
the boundary. 

In order to handle the general case for manifolds with boundary, we expect 
a certain positive mass theorem to hold. We will use the following definition: 

Definition 1.2. Let (M n , g) be a n-dimensional Riemannian manifold with boundary. 
We say that M is asymptotically flat with order p > if there is a compact set 
K c M such that M\K is diffeomorphic to ]R"\B|(0) and there is a diffeomorphism 
f : M\K — > R" \B|(0) such that, in the coordinate chart defined by f, we have 

\gab(y) - <5„j + lyllg,7fe, c (i/)l + \y\ 2 \gab,cd(y)\ = o(\y\~ p ) , as \y\ oo , 

where a, b,c,d = 1, n. 



Here, R" = {(y X/ y n ) 6 W ; y n > 0} and B+(0) = {y e R» ; \y\ < 1}. 

We suppose that the Riemannian manifold (M",g), n > 3, with boundary 
is asymptotically flat with order p > Let {y\,—,y n ) be the coordinates 

induced by the diffeomorphism / as in the definition above. We also assume 
\R g (y)\ = 0(\y\-i l ), \H g (y)\ = OQy^ 2 ) as \y\ oo, for some q lf q 2 > n. Then the 
limit 



R 



11-1 



a dy b J 

+ ii m y f s(^>4-\r\ d °K ( L2 ) 

exists. (This fact was pointed out to me by F. Marques.) We expect the following 
to be true: 

Conjecture 1.3 (Positive mass theorem). IfR g ,H g > 0, then we have m{g) > and 
the equality holds if and only ifM is isometric to M". 

Remark. S. Raulot [36] has proved this conjecture for an asymptotically mani- 
fold which is obtained as a generalized stereographic projection of a compact 
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spin manifold N with boundary dN and positive Yamabe quotient. This stere- 
ographic projection is performed around a point xq e dN using a Green's 
function, and the author also requires that Xq has a locally conformally flat with 
umbilic boundary neighbourhood. Some other particular cases were proved 
by J. Escobar in the appendix of |25 1. 

Our main result is the following: 

Theorem 1.4. Let (M n ,go) be a compact Riemannian manifold with boundary dM, 
dimension n > 3, not conformally dijfeomorphic to the unit ball B", and satisfying 
Q(M,dM)>0. We define 

Z. = {xo £ dM; limsupdj (x,x ) 2 ~ d |W^ (x)| = ]imsvL-pdg (x,Xo) \n g0 (x)\ = 0} , 

x^x x->Xa 

where W g0 denotes the Weyl tensor ofM, n g0 the trace-free second fundamental form 
ofdM, and d = [s=2]. 



Suppose that X, = or the Conjecture 1.3 is true. Then, for any initial scalar-flat 
metric g(0), the Yamabe flow exists for all time t > and converges to a scalar-flat 
metric with constant mean curvature on the boundary. 

In particular, our main theorem holds when the trace-free second funda- 
mental form of dM is nonzero everywhere. In dimensions n > 4, the set of 
metrics which satisfy this condition is an open and dense subset of the space 
of all Riemannian metrics on M. This hypothesis was used in [2] to prove 
compactness of the set of solutions to the Yamabe problem on manifolds with 
boundary. 



The proof of Theorem 1.4 follows the arguments in [12J. An essential step is 
the construction of a family of test-functions on M whose energies are uniformly 
bounded by the Sobolev's quotient Q(B",dB). This construction is inspired 
by the test functions introduced by S. Brendle in IIT31 for the case of closed 
manifolds. The functions we use here were obtained in |17| in the case of 
umbilic boundary, where S. Chen addresses the existence of solutions to the 
Yamabe problem for manifolds with boundary, using an approach similar to 
the one in [14]. In the present work, we extend those functions to the case when 
the boundary does not need to be umbilic. 

The positive mass theorem is used when estimating the energies of the test- 
functions. We should mention that if dM is umbilic (see [17]), the positive mass 



theorem required in Theorem 1.4 is the one for manifolds without boundary, 
known in the spin case in any dimensions (see J46J) and for n < 7 in general 
(see 120120). 

Another crucial result used in the proof of our main theorem is a modifica- 
tion of a compactness theorem due to M. Struwe (|44J). This is the content of 
Appendix C. 

This paper is organized as follows. In Section|2j we establish some prelimi- 
naries and prove the longtime existence of the flow. In Section [3| we construct 
the necessary test-functions by modifying the arguments in 111 711 . In Section |4j 
we make use of the compactness theorem of Appendix C to carry out a blow-up 
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analysis using the test-functions. In Section[5j we first use the blow-up analysis 
to prove a result which is analogous to Proposition 3.3 of [12 1. Then we use 
this result to prove the main theorem by estimating the solution to the flow 
uniformly in t > 0. In the Appendix A, we establish some elliptic estimates 
used in the rest of the paper. In the Appendix B we construct the Green function 
used in this work and prove some of its properties. 



2 Preliminary results and longtime existence 

Notation. In the rest of this paper, M" will denote a compact manifold with boundary 
dM and dimension n > 3, and g will denote a background Riemannian metric on M. 
We assume that (M,go) satisfies Q(M,dM) > 0. According to Proposition 1.4 of KIEV 
we can also assume that R g0 = and H g0 > after a conformal change of the metric. 
Multiplying go by a positive constant we can suppose that J dM do gQ = 1. 

The Sobolev spaces FF(M) and L p (M) are defined with respect to the metric go, and 
H p (dM) and U{dM) with respect to the induced metric on dM. 

We will adopt the summation convention whenever confusion is not possible and 
use indices a, b,c,d = 1, n and i, j, k, I = 1, n - 1. 

We will denote by B r (x) (resp. D r (x)) the metric ball in M (resp. dM) with center 
x e M (resp. x e dM) and radius r. These balls are chosen with respect to the metric 

go- 

For any Riemannian metric g on M, r\ g will denote the inward unit normal vector 
to dM respect to g and A g the Laplace-Beltrami operator,. 
If zo e R", we set Bf(z ) = \z e R* ; \z - z | < r), 

d + B+(z ) = dB+(z ) n R" , and d'B+(z ) = B+(z ) n dU n + . 

Finally, for any z = (z\, ...,z„_i,z„) we set z = (z\, ...,z„_i,0) e <91R" = R" -1 . 

4 

If g = u^igo for some positive smooth function u on M, we know that 



4(n - 1) 
~2 



(2.1) 



and the operators L g = 4 j"_J 2 ^ A g u - R g and B g = 2( n "J 2 1) -^-u-H g satisfy 

L * (u- 1 Q = u-'^L C (2.2) 

U n-2 go ° 



B > ( M - 1 Q = u-^B a ,C. (2.3) 

U "-2 go 



for any smooth function C 
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If u(t) = u(-, t) is a 1-parameter fa mily of positive smooth functions on M 
and g(t) = u(t)^2g Q with R g0 = 0, then jl.lj can be written as 

(A ?0 w(f) = 0, inM, 
d n-2 — (2.4) 

ju{t) = ^~( H g(t) ~ H g{t) )u(t) , on dM . 



The second equation of 1 2.4 1 can also be written as 



d _jl d ,., w-2 t 

1-1 go 



ju{t) = (n - l)u(f)-^ - ^f^utf) 1- ^ 



n-2 /x f /2(n-l) 5 , , rT , ,\ /XJ 
2 J3m\ "-2 <%„ / 



on dM. We recall that short-time existence of solutions to those equations was 
obtained in 1111 . 

According to Lemma 3.8 of [11 ], the function H g a) on dM can be extended 
to a smooth function on M satisfying 

{A g{ t)H g{t )=0, inM, 
-H g{t) = (n - 1) 1 — Hgffi + - %o) , on dM . 

Hence, the evolution equations for the volume form do g (t) of dM and for 
H g (t) are given by 



dt 

and 



da g(t) = -(n - l)(H g{t) - H g{t) )da g{t) (2.6) 



jH g (,) = -(n-2) [ (H g(t) -H g(t) ) 2 da git) (2.7) 

at JdM 

respectively. In particular, H g (fj is decreasing and we can assume that 

do g (t) = 1 , for all t > . 



f ■ 

JdM 



Hence, we observe that H g(t) > \Q{M,dM) > for all t > 0. 

The next proposition is an application of the maximum principle to the 
equations J231. 



Proposition 2.1. For allt>0 we have inf,j M H ? ( f ) > min{inf,9 M Hg(o),0}. 

Wesetcr = l-min{0,inf,9 M H ? (o)} = max{sup 5M (l-Hg(o)), 1}. ThenH ? ( f )+a > 1 



for all t > 0, by Proposition 2.1 



In order to prove that a solution u(t) to the equations | |2.4| exists for all t > 0, 
we will prove uniform estimates for u(t) on each time interval [0, T]. 
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Proposition 2.2. For each T > there exist C(T),c(T) > such that 

sup u(t) < C(T) and inf u(t) > c(T) , for all t e [0, T] . (2.8) 



M 



M 



Proof. It follows from the evolution equations | |2.4[ , | |2.7| and from the inequality 
H g (t) + a > 1 that 

j t log u(f) = -^^(% f) - H s(t) ) < ^y^(H ?(0) + o) , ondM. 

Then there exists C(T) > such that sup^ u(t) < C(T) for all t e [0, T], and the 
first estimate of | |2.8[ follows from the maximum principle. 

In order to prove the second one, we are first going to prove that there exists 
c(T) > such that 

||w(f)ll L;ft(M) >c(T), for all f £[0,7]. (2.9) 

Suppose by contradiction this is not true. Then there exists a seq u ence 

,&7 



{tj}°° =l c [0, X] such that Uj = u(tj) -> in (M). Using the formulas 1 2.1 
and the boundary area normalization we see that 

f ^^-\du(t)\ 2 dv g0 + f H g0 u{t) 2 da g0 = H g{t) < H g{0) , for allf > . (2.10) 

Hence, there exists uq e H l {M) such that Uj — «o in H X (M) as j —> oo, up to a 
subsequence. By the Sobolev's embedding theorems, we can also assume that 
Uj — > uq in L 2 (dM) and in L 2 (M). Since we are assuming Uj — » in L^(M), we 
see that uq = a.e., and thus «y — » in L 2 (dM). Since sup 3M «(f) < C(T) for all 

2(n-l) 

t 6 [0, T], it follows that My — » in L"«t(oM). This contradicts the boundary 
area normalization and proves the estimate 1 2.9 1. 

2 

WesetP = H ?0 +a( 

su Pfe[o,r] SU P<9M u (0) anc ^ observe that 

= + o)tt(*) * > , for all t G [0, T] . 



Then it follows from Proposition A-3 that there exists c(T) > such that 

n-2 

n-2 n+2 ( C \ ln 

( inf u(tj) 2 " ( sup «(*)) 2 " > c(T) M (t) s% di? g0 

for all f e [0, T]. Then the second estimate of 1 2.8 1 easily follows using the fact 
that sup M u(t) < C(T). □ 

Now we proceed as in [1 1 J p. 642 to conclude that all higher order derivatives 
of u are uniformly bounded on every fixed interval [0, T] . This implies the 
existence of the solution u(t) for all t > 0. 
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Notation. We define 

H M = HmHrfo >0. (2.11) 

Next we will establish some auxiliary results to be used in the rest of the 
paper. 



Lemma 2.3. For any p > 2 we have 

at JdM 

4(n - l)(p -2) r p-i 2 

' J- Jm «(*) 



-(n-p) f ((H g(t) + a)''" 1 - (H ?(f) + a)''" 1 } (H, (t) - H g(t) )da ?(0 
- (p - 1) f a j(H, (t) + of- 2 - (H m + of- 2 } (H g(t) - H g{t) )da s 

JdM 



Proof. This lemma is a direct computation using the equations f2.5) and 1 2.6 1. □ 
Lemma 2.4. For any p > n - 1 t/iere exists C > smc/z ffaaf 



eft 



f IHjKO - H^Pda^ < C f |H g(t) - H^/dcx, (f) (2.12) 

JdM JdM 



} P+1-" 



/or all t. 

Proof. From the evolution equations 1 2.5 \, \2.6\ and fl2.7} we obtain 

JdM 

m l%o - %ol p " 2 (%o - 

+ p I |H g(f) - HgtoYHtfflag® 

JdM 

-(n-1) f |H ?(f) -H, (t) r(H, (f) -H g(t) )da, (t) 

JdM 

+ p(n-2) | |% t) - H ?(t) r 2 (H ?(f) - H g (t))do s(t) f (% f) - H g(t) ) 2 da g(t) . 

JdM JdM 

Using the identity 

p f l /r 2 /A g /^+^^ r idi/ii|v=-p r \fr 2 f^-da g , 

Jm V Jm s JdM "^g 



we can write 

at JdM 

(p - l)(w - 2) , f 4(n-l), - 1,2 



)M 

+ 2% |% -%t)|Pd0 g(f ) 
+ ( 2(p ~ 1){n ~ 2) + p + 1 - n) f \H g(t) - H g{t f(H g(t) - H g{t) )da m 

VP / JdM 

2(p-l)(n-2) \ f - — 

J5M 



+ 



+ p(n-2) f \H git) -H git) r 2 (H g ( t) -H git) )da m ( (H g(t) - H g{t) ) 2 da g{t) . 

JdM JdM 

Since p > n - 1 and H^f) is nonincreasing, using Holder's inequality and the 
fact that J dM da g (t) - 1, we obtain 

f \H g (t)-H m ?do m (2.13) 

JdM 

\JdM 
/ J<5M 

p) f %|% t) -H, (f) |^ (t) 

/ JdM 



d_ 
It 



(p- 


l)(n 


" 2) ( 




P 






l)(n 


-2) 


|2(p- 
/2(P- 


P 

1)(« 


-2) 


l P 



+ P + 1 



■p(n- 2) If \H g{t) -H g{t /da g(t) ) 

[JdM ) 



Ell 



Applying the Young's inequality AB < aA« to the interpolation 

identity \\f\f* < 11/11%, ll/ll^ with a = tf < 1, we obtain 

V ' L «-2 (dM) 



\ l%0 - H g(» \ v+ld °g{t) ^\\ l%0 - H gW I " do g (t) 

JdM (JdM 

If \H sm -H g ( t /do g , 

{JdM 



+ 6 



f>+2-ji 
p+1— n 



for any < 5 < 1. Choosing 5 small, we substitute this last inequality in [ 2.13) 
and apply again the Young's inequality to obtain the estimate [ 2.12) . □ 
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Proposition 2.5. Fix n - 1 < p < n. Then 

lim \H g{t ) - H g(t )\ v do g{t) = . 

f ^°° JdM 



Proof. Since p > n — 1 > 2, it follows from Lemma 2.3 that 

< -(n - p) f j(% f) + ar 1 - (H ?w + ar 1 j (% f) - H, (t) ) rfa g(t) . 

JdM 

One can also check that 

j(% t) + a)''" 1 - (H g{t) + or 1 }^ - H g{t) ) > c\H g(t) - H g(t) f . 
Hence, for p < n we have 

- \ (H g{t) + ay- l da g(() <-c \ \H m - H g{t) fdo g(t) . 

at JdM JdM 

Integrating we obtain 

\H g(t) -R g{t) fda g{t) dt<c- 1 {H g0 + ay-Ha g0 , 

JO JdM JdM 

which implies 

liminf \H g(t) - H g(l) fda g{t) = . 

f ^°° JdM 

On the other hand, since p > n - 1, we can apply Lemma 2.4 to conclude the 
proof. □ 

Corollary 2.6. For any 1 < p < n we have 

lim I \H g{t ) - Hoof/log® = . 

f ^°° JdM 

3 The test-function 

In this section we will construct a test-function that will be used in our subse- 
quent blow-up analysis. Since our construction follows the same steps of 02, 
we will just point out the necessary modifications. 
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3.1 The auxiliary function <p and some algebraic preliminaries 

First we need to establish some notations. We set d = f 2 ^] and, if e > 0, 



u e {y) = 



(e + y n f + \y\ 2 



, for y 6 R" , 



which satisfies 



|A14 = 0, inR'j, 
d„U e + (n - 2)U|^ = , on <9R* , 



and 



4(n-l)( f 



U e (y) — dy = Q(B",«?B). 



(3.1) 



(3.2) 



(3.3) 



In this section, H will denote a symmetric trace-free 2-tensor on R" with 
components H„b, a,b = 1, n, satisfying 



H flb (0) = 0, for all a, = l,...,n, 

H„„(x) = 0, for allx e R", a = \,...,n, 

d k Hij(0) = , for all i, j,k = l,...,n - 1, 

X"=i = , for all x e dW + , i = 1, n - 1 . 

We will also assume that those components are of the form 

d 



(3.4) 



H fl fc(x) = ^ ^aM*" for x e R" , 



(3.5) 



where each a stands for a multi-index. Obviously, the constants h a b A e R satisfy 
h a n,a = for a = 1, ...,n and /i;,^ = for i,j,k = 1, - 1. 

Notation. Lef rj : R — » R fee fl non-negative smooth function such that )]|[o,4/3] = 1 
and /]|[5/3,cx)) = 0. For p > Owe define 



rj p (x) = r\ 



P 



forx e K'l . 



(3.6) 



Notice that d n rj p -0 on dM" + . 

Let V = V(e, p, H) be the smooth vector field on R" obtained in Proposition 
12 of [17J, which satisfies 



\L'U ^ fcr (ri P H ab - d a V b - d b V a + |(divV)<5 flb )} = , in R» , 



\d n Vi = V n = 0, 



on dW + , 



(3.7) 
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for a = 1, n, i = 1, n - 1, and 

h-1 d 

< C(n, |j8|) V J" \h ijA \(e + |x|)W +1 -l/>l (3.8) 



i,j=l w=i 



for each multi-index jS. Here, 

<5«fc = 



1 , ifa-b, 
0, Ma + h. 



We define symmetric trace-free 2-tensors S and T on R" by S a b = d a Vb + db V a - 
|(divV)6ai! and T — H — S, respectively. Observe that T,„ = S,„ = on <9R" for 
z = 1, ...,n - 1. It follows from i3.7\ that T satisfies 



2n 

U £ d b T ab + ^dbU e T ab = 0, in B+(0) , for a = 1, ...,n. 

n — 1 ' 

(Recall that we are adopting the summation convention whenener confusion is 
not possible.) In particular, 

" ~ 2 -U e d a d b Tab + d a {dbU e T a b) = , in B+(0) , (3.9) 



Mn - 1) 



where we have used the identity U £ d a dbU e - -^d a M e db\i e = -^|dU e | 2 S fl !, in 
R£ for aRa,b = l,...,n. 

Next we define the auxiliary function <p = <p £ , P ,H by 



= d a U e V a + \^U £ divV, (3.10) 
2n 



which satisfies 



Ucp = ^U £ d b d„H ab + d b (d a U £ H ab ), in B+(0) , 
|<? n c£ - ^5 iij 1 *?,, 140 = - 2(^zt) 5„ U e S nn , on <?R? . 

according to Propositions 1 and 5 in [17] together with the equation fl3.9) . 
Observe that if n = 3 then d = 0. In this case, H = and <6 = 0. 



Convention. In the rest of Section [3TT1 we will assume that n > 4. 

We define algebraic Schouten tensor and algebraic Weyl tensor by 

1 

A„ c = d c d e H ae + d a d e H ce - d e d e H ac -d e dtH e fb a c 

n-1 1 1 



and 



Zflbccf - dbdfiH ac - dbd c H m i + d a d c Hcib - d a d L jHb c 
1 

H ~ (A ac 5bd - A-ad&bc + AfojSflc - A bc 5db) 

n — z 
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We also set 



2 2 

Qab,c = Ue^cTab ^O a U e T}, c =dt,U e T ac 

n-2 n-2 
2 2 

"I ^diU e Tad^bc H 7,d A \l e T hi bac ■ 

n-2 n-2 



Lemma 3.1. If the tensor H satisfies 



I Z ai)a j = 0, in E!f , 
I d n Hij = 0, ondR'l, 



then H = 0, in JR." 



Proof. Observe that the hypothesis <9„H,y = on <9R" implies that ft z v n = 0. In 
this case, the expression fl3.5} can be written as 



H a b(x) = ^ Kb,a X " ■ 



\a\=Z 



Now the result is just Proposition 5 of Iflil . □ 

Proposition 3.2. We set U r = B r/4 (0, ...,0, f ) c R*. Tnen ffere exz'sfs C = C(n) > 
smc/z t/iflt 

n-1 d 

y y \h, ha \ 2 r 2VA - i+n < C Z abcd Z am + Cr l \ d n Hijd n Hij, 

yTlfel ^ -W* (0)^(0) 

' 3 3 

/or a// r > 0. 

Proof. If r = 1, we just observe that the square roots of both sides of the inequal- 
ity are norms in H, due to Lemma 3.1 The general case follows by scaling. □ 

Lemma 3.3. There exists C = C(n) > such that 

n-l d 



n-2 r 6-2n 



\ Z ahcd Z abcd < — f Qab,cQab,c + ds" 2 ^W 1 ^ 2 ^ 2 " 



for all < 6 < 1 and all r>e. 

Proof. This follows from the third formula in the proof of Proposition 7 in llTil , 
by using Young's inequality. Observe that in our calculations we are using 
1 < \a\ < d in the summation formulas instead of 2 < \a\ < d, which are used in 
El. □ 
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Lemma 3.4. There exists C = C(n) > such that 
e n - 2 r 5 - 2 " f dnH^H.j 

Jd>B%(0)\d>Bl(,0) 
3 T 

n-1 d 



^ de "~ 2 E E l^/;,«| 2 '' 2|a|+2 "" 
W=i M=i 

+ C f (-«9„U e )U,(S„„) 2 + ^ f Qij.nQij.n 



/or flZZ < 6 < 1 and all r>e. 

Proof. Let x '■ R ~ * R be a non-negative smooth function such that x(0 = 1 
for t e [§, |] and x(f) = f or f g [1,2]. For r > we define Xr(x) = x(y) 
for x 6 R". It follows from the formula <? n S;y = i n -i)(n-2) ^nU e U^S nn 8ij (see the 
proof of Proposition 5 in Jl7J) that 

U £ d n Ue{S„„f = ~ ^ " 2 ^ UKdnU^dnSijdnSij 

= ^ " 4^2 " 2 ^ UlidnUeY^nHij - d„Tij)(dJIij ~ d n Tij) ■ 

Using the fact that \a 2 < (a - b) 2 + b 2 for any a, b e 1R, we obtain 

f U e {-d n U e ){S nn ) 2 Xr + {n ~ 1) } n ~ 2)1 f UK-dnUer^TijdnTijXr (3.11) 

> — ^ 1 f UU-dnUeT^dnHijdnHijXr 

on Jd]R» 

> C-^r 5 - 2 " f dnHijdnHij, 

Jd'B^md'B^O) 

3 3 

where C = C(n) > 0. Since U e d n Tjj = Q z ^„ on <91R" , integration by parts gives 

f l^(-d n U e y 1 dnTijdnTifXr= f ^(--W^Q^Q^Xr ( 3 ' 12 ) 
J<?R![ J<9R{ 

= f 5„{u e (^,ir,)- 1 Qi ill Q i j > ,Xr) 

= I Qij,nQij,nXr ~ I /i e (<9„LT e )" 2 ((9„5„Lr e )Q, / ,„Q, y ,„x l - 
Jr'I Jr^ 

J 2LT e (,9„Lr e )- 1 5„Q !/ ,„Q, 7 ,„x r + | U £ {d n U e )- l Q lhn Q lhn d n Xr 
Jr" Jr" 



+ 
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Estimating the terms on the right hand side of [ 3.12) and using Holder's and 
Young's inequalities we obtain 



f UK-dnU^dnTijdnTijXr 
JdRl 



(3.13) 



n-l d 



|2 r 2|a|+2-« I 



i,j=l l«l=l 
n-l d 



Jb+(0)\B?(0) I 



TT~, CT~, U JBt(0)\BU0) 



,-,/=! |«|=1 - -B 2 + ,(0)W(0) 

Now the result follows from the estimates (3.11 1 and [ 3.13| . □ 
Proposition 3.5. There exists A = A(tt) > such that 

n-l d 



Ae 



rdX 



"~ 2 e e m 2 r ( £ + w) 2w+2 " 2 " d * * j r Q°b,cQab,c 

~ ~, =wZ 9 ^ d n U e U e {S nn fdx 
2(n - l)(n - 2) J^ B +(o) 

/or aM p > 2e. 

Proof. It follows from Proposition |3|2j Lemma 3.3 and Lemma 3.4 that 

n-l d „ ^ 

E E IM 2j - 2W+2 ~" ^ C {-d n U e )U e {S nn f+C Qab,cQab,c 

Jd'BU0)\d'Bt(0) Jb+(0)\B+(0) 



rJl-2 



tHM=i - o -b+(0)\w?(0) 
for all r > e. Now the assertion follows. 



3.2 Defining the test function U( Xi6 ) and estimating its Sobolev 
quotient 

We first recall the definition of Fermi coordinates: 

Definition 3.6. Let x e dM. We choose geodesic normal coordinates (x\, ...,x n -\) on 
the boundary, centered at x Q , of the point x e dM. We say that (x\, ...,x n ),for small 
x„ > 0, are the Fermi coordinates (centered at xq) of the point exp x (x n v(x)) 6 M. Here, 
we denote by v(x) the inward unit vector normal to dM at x e dM. 

For small p > 0, the Fermi coordinates centered at Xq define a smooth 
map ip Xo : Bp~(0) c R" — » M. We will sometimes omit the symbols ip Xo in 
order to simplify our notations, identifying ip Xo (x) e M with x 6 Bp~(0). In those 
coordinates we have the properties g a b(0) - &ab an d g n b(x) = 5„b for any x e Bp~(0) 
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and a, b = 1, n. If we write g = exp(h), then the symmetric 2-tensor h satisfies 
the following properties 



h a b(0) = , 
h m (x) = 0, 
d k hij(0) = 0, 



for all a, & = 1, ...,n, 

for all x e Bp (0), a = 1, n , 

for all i, j, k = 1, n - 1 , 



X"=i = / for a11 * e ^' B p (0)/ t = 1, .../ « ~ 1 • 

The last two properties follow from the fact that Fermi coordinates are normal 
when restricted to the boundary. 

According to Proposition 3.1 of |33j, for each xq e dM we can find a con- 

4 

formal metric g Vo = f^ 1 go, f Xo ( x o) - 1/ an d Fermi coordinates centered at Xo 
such that det(g Xo )(x) = 1 + 0(|x| 2d+2 ). In particular, if we write g Xo = exp(h Xo ), 
in those coordinates we have tr(h Xo )(x) = 0(|x| 2d+2 ) and H gvo , the trace of the 
second fundamental form, satisfies 



H gxo (x) = -~g<>d ngij (x) = -^„(logdetfe ))(x) = Oflx| 2d+1 ) 



(3.14) 



Since M is compact we can choose p independently of xq e dM, and assume 
that \<f Xo < |. 

Notation. In order to simplify our notations, in the coordinates above we will write g^ 
and g" b instead of(g Xo ) a b and (g Xo ) ab respectively, and h a t, instead of(h Xo ) a i, respectively. 



In this section, we define by 

H ab (x) 



l<\a\<d 



the Taylor expansion of order d associated with the function h a t,(x). (Recall that 
d = Observe that H is a symmetric trace-free 2-tensor on R", satisfying 

the properties |3.4 1 and of the form (3.5 1. Thus, h ab {x) = H a i,(x) + 0(\x\ d+1 ). Then 
we can use the function <p = <fi e ,pji (see formula 1 3.10} ) and the results obtained 
in Section 3.1 We recall that if n = 3 then d = 0, H = and <p = 0. 
Let us define 



0(x„, e )(x) = 



2(n - 1) 



Ho 



(3.15) 



2(n-l)\ 2 ^ 



e^(l - r, p (^(x)))G Xo (x) , for x e ^ (B 2 + p (0)) , 



(where U e was defined by (B.ll, r/ p by (3.6 >, and > by 12.11 ) and 



U( Xo ,e)(x) = G Xo (x) , otherwise . 
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Here, G Xo is the Green's function of the conformal Laplacian L gx = A gx - 
Mn-l) Rg*o w * m pole a t x o e dM satisfying the boundary condition 



Gr n - — — H,, Gv 



2(n-l) gx 







(3.16) 



and the normalization limiyi^olyl" 2 G Xo (ipx (y)) = 1- (See Proposition B-2 ) With 
the above normalization, G Xo satisfies 

n-l d 

|G*(V*(y)) - iyi 2 ""i ^ C E E MM w+2 ~" + ciyi d+3 ~"< 

i,/=l M=l 
n-l d 

- c EE |/z '> |l!/|W+1 ~" +cl3/|d 

!,J=1 l«| = l 



— (G, (^,(y))-|y| 2 -") 



,\d+2-n 



(3.17) 
(3.18) 



for all b = 1, ...,n. 

By the estimate Q, (p satisfies |0(y)| < Ce 2 ? £"t\ £f a|=1 |/ii;,«|(e + |y|)l a l +2 -", 
for all y e R", and 



n-2 



n-l d 



- Cef EEM( e+ iyi) |ah "' 

1,7=1 l«|=l 



for all y 6 <3R£. 

Notation. We define the test function 

*W) = fJ^M • (3-19) 
Let us denote by W ?0 £?ze Wey/ tensor of(M,go) and by n gB the trace-free 2nd funda- 
mental form ofdM. We denote by 2. the set of all points xo e dM such that 

]ims\xp d go (x,Xo) z ~ d \W go (x)\ = limsup d ga {x,x ) l ~ d \n ga {x)\ = 0. 

X — >Xq X — >Xq 

Remark. If n = 3, we obviously have X. = dM. 

Our main result in this section is the following estimate for the energy of 

%o,e) : 



Proposition 3.7. Assume that 2. = or Conjecture 1.3 is true. Then there exists 
eg > 0, depending only on (M,go), such that 

J M ^\du M \ 2 go dv go + J m 2H go u 2 {xoe) da go 

L\^r¥\dU(xoe)\l +R?,U 2 \dv~+L A m x fi 2 Ja Xx 

JM [ n-2 1 WVigxo &*<, (jto,e)J a*o JdM s'o (xo,e) & x o 



<Q(B",dB) 
for all x 6 dM and e 6 (0, eo). 
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Convention. In the rest of Section[3]we will use the normalization = 2(n-l), 
without loss of generality. 

Let A be the constant obtained in Proposition |3.5| 

Proposition 3.8. There exist C = C(n,g ) and p = po(n,go) such that 

r 14(^1) |d(Ue + ^2 +R {Ue + (j)) z\ dx+ C mg (Ue + cpfdx 
Jb+(o) ( n-z "o j Jd'BM) 



(n-1) f 

Jd'B+O 



< Mn -I) I Ur \U 2 e +2U £ cp+ -^-§ 2 - " 2 U 2 e \S nn \ 2 \ dx 
B+(o) I n ~ 2 8(n-l) z 

+ f ( 4(n " 1) UedaUe + U 2 £ d b h ab - d^hA Tl do P 

JM»+(q) \ n-2 | |.v| 



VVlh^e'- 2 [ (e + \x\) 2 ^ 2 - 2 "dx 



_ A 

n-1 d 

+ C E E IM e "~V a|+2 ~" + Ce"- 2 p 2d+4 -" 
;,/=i i«i=i 

/or allO <2e< p < p . 

Proof. It follows from Proposition 11 of lfl3lt that the scalar curvature satisfies 

d 

|R ?vo - d a d b H ab \ < c Yj IMM w_1 + CM*' 1 ( 3 - 2 °) 

;,/=! |a|=l 



and 



1 1 

l R &o ~~ dad b h ab + d b (H ab d c H ac ) - -d b H ab d c H ac + -d c H ab d c H ab \ (3.21) 



n— 1 d n-1 d 



- c E E im 2 m 2W_1 + c E E ^iw 1 " 1 ^ 1 + cixi M . 

y=l | a |=l ^=1 |a|=l 

We point out that, although these estimates are a little weaker than those of 
Proposition 3 in [171 , they are enough to prove our result. 
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Following the steps of the proof of Proposition 7 in f\7\ we obtain 

f \^^\ d ( u e + 4>)L+^(Ue + 4>) 2 )dx+ f zH gxo (u e + ( f)) 2 dx 

Jb+(o) { n-z j Jd'B;,(o) 

4(n-l) f f + 25„U,< j !) + ^-U e - 1 ( 9„U e( /) 2 }dx 

" + ^ I U e d n U e (S nn ) 2 dX - \ \ Qab,cQab,cdx 

2(n - 2) J^B+m) 4 J B + (0) 



< -- 



f 

>J<? + Bi 



p(0) 

H-l rf 



^-^-u e d a u e + u 2 e d b h ab - d b u 2 e h ab \ gdffp 



A 

+ 2 — — 

i,y=i i«i=i J s+(0) 

n-1 d 

+ C E E IM e "~V"' +2 ~" + Ce n - z p 2M -" . 
i,/=l \a\=l 



Now the assertion follows from Proposition 3.5 and the second equation of 



As in [17] (see also [13]) and [14]), we define the flux integral 
I(*o, P) = ^-^r f (M 2 -"d a G Xo - d a \x\ 2 - n G Xo )^-do p 
- I \x\ 2 ~ 2n (\x\ 2 d b h ab -2nx b h ab )^-da p , 

Jd+B+(0) \ x \ 

for p > sufficiently small. 

Proposition 3.9. There exists p = po(n,g ) such that 

< Q(B", dB) jj^ Org da gxa } " - e"" 2 1(x , p) 

-zEX>>i v, ~ 2 f (^+M) 2iai+2 - 2n dx 

n-1 d 

+ C E E IM e ""V a ' +2 "" + Ce"- 2 p 2d+4 -" + Cp 1 "^"" 1 

i,/=l \a\=l 



for all < 2e < p < p . 
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Proof. The proof of this proposition is analogous to Proposition 9 of lTl7l . A 
necessary step is the estimate 



4(n-l) f 



LZr 2 1 ii? + 2LW> + -Ar<£ 2 - ," 2 ,. LgSi. I rf.v (3.22) 



. (o) 

<Q(B n ,dB) 



(U e + (p)—dx 

•Jd>m 



n-2 T 8(n-l) 2 £ nn j 

+ ELi^ip |i,l+1 " n ^ 



i,/=i M=i 



n-l rf 



+ c 



for all < 2e < p < po a^d po sufficiently small. This inequality is slightly 
different from the one in Proposition 8 of [17J, since the Taylor expansion fl3.5) 
for H a i, includes terms of order \a\ = 1. However, the estimate 1 3.22) is enough 
to prove our assertion. We also need to observe that we are assuming a different 
boundary condition for the Green's function G Xo (see 13.16 1) which differ from 
the one in luTI by the term 2 ^~ 2 ^ Hg io G, To . However, this term is easily estimated 
using (3.14) and (3.17) . □ 

Corollary 3.10. There exist po, 6, Co > 0, depending only on (M, go), such that 



< Q(B", dB) If O ( grf% J - e"~ 2 1(x Q , p) 



-de' 



\W g0 (x)\ 2 (e + \x\f~ 2n dx 



n-2 I 

-de"' 2 f |Ti t?0 (x)| 2 (e + |x|) 5 - 2 "rfx 

Jd'B;,(0) 

+ C e"- 2 p 2M -" + C ( £V ' 1 



PI log(p/e) 
for all < 2e < p < p . 

Proof. By Young's inequality, given C > there exists C > such that 

x 2n-4-2|a| 



ciVk"~ 2 P w+2 ~" ^ ^ 

o 

for \a\ < rk Y L , and 



;> |2 e n-2 f (e + |^|)2W+2-2n d;c + C / 

Jb: 



- 2 "" <- -% A \ 2 e"- 2 f (e + \x\) 2M+2 ~ 2n dx + C 



£ \ 1 



P/ log(p/e) ' 
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for \a\ = n Y L . Then, according to Proposition |3.9| we have 

£{^r lda ^k +R g , Q Le ) }dv glo + ^ZH^U^do^ (3.23) 

n-2 

< Q(B", dB)\f Qjg da gxg \ " 1 - e"- 2 I(x , p) 

y=l \ a \=\ ^ B p 



+ Ce"- 2 p 2d+i -" + C[ 6] 



PI log(p/e) 

On the other hand, the Weyl tensor and the trace-free 2nd fundamental form 
satisfy the pointwise estimates 

n-i 

\W g0 (x)\ = \W gxo (x)\ < C\d 2 h(x)\ + C\dh(x)\ <C MM'"'" 2 + C l x l d_1 

l<\a\<di,j=l 

and 

H-l 

\n ga (x)\ = \n gxo (x)\ < C\dh(x)\ < C £ £ IMM 1 " 1 " 1 + C \ x f • 

l<M<ii (,;=1 

Hence, 



f |W „(x)\ 2 (e + \x\) 6 - 2n dx+ f \n ,(x)\ 2 (e + \x\f~ 2n dx (3.24) 

<c £ fjM 2 r ( e +M) 2|a|+2 - 2 "dx 

2<|rt|<d/,/=l ^ B ?(0) 

+c e ejm 2 r (e+w) 2|i ' |+3 - 2 "dx+cp 2d+4 -" 

\<\a\<di,j=l Jd'BpiO) 

^ C E Ejm 2 f (e+M) 2w+2 - 2 "dx+cp 2d+4 - n . 



l<W<d/,/=l 

Now the result follows from the estimates 1 3.23) and | |3.24) . □ 

Proposition 3.11. The functions I{xq, p) converge uniformly to a continuous function 
I : Z -» 1R as p 0. 

Proof. This proof follows the same steps of Proposition 18 in |13|, where the 
author uses conformal coordinates and therefore can assume that x fl /z„/,(x) = 0. 
Here we are not assuming this, but this problem is solved as some terms 
involving x a h„i,(x) cancel out. 
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We will prove that there exists C > such that 

sup \I(x , p) - I(x , p)\ < Cp 2d+i ~" , for all < p < p . (3.25) 

X €Z 

Let us fix fix xq e Z and consider Fermi coordinates \p Xo : BJ^O) — > M as in 
the beginning of Section|32] We will write B+ = B+(0) and B+ = B+(0) for short. 
Integrating by parts we see that 

I(xo,p)-I(x 0r p)= f \x\ 2 ~"AG Xo dx (3.26) 

n ~ z Jb;\b+ 

- \ \\x\ 3 - 2n x i djh lj -2n\x\ 1 - 2 "x i x j h ij )}da p 

+ | \\x\ 3 - 2n x I djh lj -2n\x\ 1 - 2 "x 1 x j h i j)}d0p 
+ 0(p 2d+4 -") . 

Here, A stands for the Euclidean Laplacian and we have used [ 3.14} . 

Since x e Z, we have #y(x) = <5, 7 + 0(|x| d+1 ) and G Xo (x) = + 0(M d+3 -"). 
Then 

f |x| 2 -"AG l0 dx = - f |x| 2 -"(L St -A)|x| 2 -"dx (3.27) 



J 



\x\ 2 ~ n (L gx -A)(G Xo -\x\ 2 - n )dx 



= - f |x| 2 ""(L - A)\x\ 2 -"dx + 0(p 2A+i - n ) . 

Jb+\bx 



Using the formulas g' jx) = 6 f y - h^x) + 0{\x\ 2i+1 ), tr(h)(x) = 0(|x| 2d+2 ), 
det(g Xo )(x) = 0(|x| 2rf+2 ) and (3.21) , we obtain 

(L gXQ - A)\x\ 2 ~" = g'idJjM 2 -" + drf'dpt* + I d '^i S''dj\x\ 2 - n (3.28) 



2 det(gj 



n-2 



rRrJx 



2~ii 



4(n - 1) 

= -n(n - 2)\x\~ 2 ~ n XiXjhij + (n - 2)\x\~ n Xjdihij 



n-2 
4(n - 1) 



x\ 2 - n didjhij + 0(|x| 2+2rf -") . 
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Hence, 



- r m 2 -"( 

<JBi\Bt 



(L, - A)|x| 2 ""rfx 



(3.29) 



= n(n - 2) I \x\ 2n XiXjhij dx - (n -2) I |x| 2 2 "xy<9;/z, 7 dx 

+ Tr\ f M^djhjdx + Oip 4 ^-' 1 ). 
4(n - 1J J B ;\Bt 

Integrating by parts, we obtain 

-(tt-2) f |x| 2 - 2 %-5/ft,- ; >dx (3.30) 

J B;\Bt 

= -2(n-l)(n-2) f \x\- 2n XiXjhij dx + (n - 2) f |x| 2 - 2 "S, 7 fr, 7 
- (n - 2) I \x\ l ~ 2n XiXjhij da p + (n-2) I \x\ l ~ 2n XiXjhij dap , 

and 

^-^t f |x| 4 - 2 "5,«9,/z„dx 



4( 



(3.31) 



" 2<n - 1) W X ^ dX 



4( 



= (n-2) 2 f |x|- 2 «x,x^ 7 dx-^-^ f |x| 

Jb+\B+ A n - JJ Jsj\Bt 



"P > D p 



^"d.jhijdx 



+ 



(n- 
2( 



— ^- f 2n XiXjhijdo p - ^- 2 ] f \x\ r 2n XiXjhijda p 

n~ l) J3+B+ A n - JJ J<?+B± 

p p 



Substituting 13.30 1 and (3.31 1 in 13.29 i, the coefficients of Jg+, B+ M 2n XiXjhij dx 
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cancel out and we obtain 

- f M 2 -"(% - A)|x| 2 ""dx 



n{n - 2) 
2(n - 1) 

n-2 



■ I 1^1 Xjjc jh^j dcj p I 1^1 x-ixj. 

Jd+B+ J<9+Bi 



(3.32) 



4(n - 1) 

V f I' 

+ 0(p 2d+4 -"), 

where we used the fact that tr(h)(x) = 0(|x| 2rf+2 ) . Hence, we have 

f |x| 2 -AG Xo dx 
"-^ Jb+\b+ 

= - In \ I \x\ 1_2n XiXjhij do p - I \x^~ 2n XiXjhij dap > 

(J^BJ Je)+B+ J 

+j r i5ci 3 - 2n 3c;^d(7p- r w^x^/fci/dffpi 

[J**B* Jd+Bt J 

+ 0(p 2d+4 "") . 

Now the assertion follows from the equations 1 3.26} and 1 3.32) . □ 
Proposition 3.12. Let x 6 Z. and consider inverted coordinates y — ^, where 

4 

x = (x\, ...,x n ) are Fermi coordinates centered at Xq. If we define a metric g = G^ 2 g Xo 
on M\{x }, then the following statements hold: 



(i) (M\{xo},g) is an asymptotically flat manifold with boundary (see Definition 1.2* 



satisfying the hypotheses of Conjecture 1.3 
(ii) I(xq) satisfies 



I{xq) = lim 



y«_j>_-[_f>_ d_ 

, (0) \V\ dy b g \dy a ' dy h 



don - 



f 



y*_d_-(J_ _d_ S 
-iH) \y\ dy a 8 \dy b ' dy b) 



do r< 



Proof. The item (i) follows from the fact that g(4-, = 5 ab + 0{\y\- d ~ l ). In 
order to prove (ii) we can mimic the proof of Proposition 19 in [14] to obtain 



.W , (o) \y\ d Vb s \dy a ' dy b J a ' rl J d+B+ 

n 1 n 1 



y a d _( d d 



(0) \y\ dy a & \dy b ' dy b 
I(x 0/P ) + O(p 2M - n ), 



d<7p-i 



where we also used the identity 1 3.14 1. 
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Proof of Proposition \3.7\ If X, + and Conjecture 1.3 is true, Proposition 3.12 
implies I{xq) > for all xq e using the fact that 



-t— , - — | = 0, for i - l,...,n - 1, ify„=0. 

Since ~Z. c <9M is compact and I is continuous on Z., we know that 
inf^g^ I(x ) > 0. 

By Proposition 3.11 sup ^ \I(x 0r p) - I(x )\ — » as p — > 0. Hence, we can 
find p e (0, po] such that 



inf J(x , p) > C p 

x eZ 



2d+4-n 



Here, po and Co are the constants appearing in Corollary 3.10 By continuity, 
there exists an open subset Q C <9M, containing such that 



2d+4-« 



inf I(x 0/ p) > C p 

x eQ 

(If Z = we set G = 0.) 

We recall that = dM if n = 3. If n > 4, we are going to prove that 



(3.33) 



f |W^(x)| 2 ^ (x,x ) 6 - 2 "^ 

Jb„(x„) 



(3.34) 



J |n ? (x)| 2 d g0 (x,x ) 5 2 "^ cr so - 00 ' ror a H x o e <?M\Q . 



Since Z C Q, the equation 13.34 1 holds for any n > 6 by the definition of .Z- 
If n = 4, 5, then d = 1. In this case, 



limsuprf So (x,x ) 2 d \W g0 (x)\ = 0, for allx e <?M. 



x^x 



Hence, x e if and only if limsup Y ^ Yo d g0 (x,x y a \n g0 (x)\ = 0. Thus, 



J \n g (x) 
Jd p (x ) 



d go (x,Xo) d <Jg = 00 



and ( |3.34) holds. 

Since <9M\Q is compact, it follows from Dini's theorem that 



f |W ? (x)| 2 (e + d ?0 (x,x )) 6 - 2,, d I ; 



inf 



(3.35) 



inf I |7i^(x)| 2 (e + d go (x,Xo)) 5 2n da g0 -> oo, as e — > . 

! JD„(xn) 



x e5M\Q J Dp (x ) 
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By the identities (3.33 1 and 13.35 1, we can choose e e (0, |] such that 



inf I(x ,p)+ inf G\ \W g (x)\ z (e + d go {x,x )f- Ln dv 

x edM x edM\n Jb p (x ) 



go 



+ inf e 

x €dM\Ll 



[ \n g (x)\ 2 (e + d go (x,x )) 5 2n da g 

JD p (x ) 

1 

log(p/e) ' 



> Lop + Lop 



2-n 



for all e e (0, eo]- Now the assertion follows from Corollary 3.10 and formula 
3.3 Further estimates 



In this section, we will use the same notations of Section 3.2 Using the fact 
that M is compact, we can assume that ^d go (xo,x) < d gx (xo,x) < 2d go (xo,x) and 
\d g0 {xQ,x) < \xpxo( x )\ - 2d g0 (x 0/ x) for all x e ^(BJ (0)) and all x e <?M. 

Proposition 3.13. If 2e < p tften n>e feroe 

4(n - 1) 



n-2 



A ^ - !J( Xo , e )(x) 

< c, 

e2 + <w*>*o) 2 



1^ (B+(0))M 



(3.36) 



+ C jeip" 1 "" + e^p 1 ") l^ (Bj p (o)\Bj(o))W 



/or all x eM and 



2(n-l) d - - — -jl. 



< c 



e2 + d &„( x ' x o) 2 
e 



+ C 



e 2 + d &0 (*,*o) 2 



1^(^b;(o))W 



for all x e dM. 

Proof. In order to simplify our notations, we will identify points ip Xa ( x ) e M 
with x e f?2 p (0), omiting the symbol ip Xo . In particular, we identify Xq e c?M with 

0eB 2 + p (0). 9 
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By the definition of U^), 



A g, U (x ,e) 



n-2 



= A gXo rj p ■ (U £ + <p xo - e^\x\ 2 ~ n ) - A^r/p • e^(G Xo - \x\ 2 ~ n ) 



+ 2 < di] p ,d(U e + cp Xo - e * \x\ z ") > gsg 



-2e * < dr] p ,d(G Xo 



.\Z-n 



+ '''' " 1 A& 'o Ue - W^) RS "° ^ + 



+ r l P - (Afo-A)^- 



n-2 
4(n - 1) 



and 
2(n - 1) 5 



^)-% ^ e) + 2(n-l)Lr ( -, 
2{n - 1) 



/; _ 2 ( 7 ? P (^ + ^) + e^(l - i] P )G Xa ) 
~ H & (n P (Ue + fv D ) + e^(l - 1] P )G X0 ) 
+ 2(n - 1) ( Vp (U e + <p X0 ) + e ,J r(l- i lp )G Xo f 

'2(71-1) 



n-2 



-5 n (lT e + ^,)+2(n-l)(U e + ^)- 



-% '7p(^ + <K ] ) 



+ 2(n - 1) {( ;]p (U, + ^ ) +e^(l - )? P )G. Vo )"" 2 - r, p (U e + ^ )Aj . 



Now the result easily follows. 
Lemma 3.14. We toce 



f u (xi ^u£ da g0 <C 

•JdM 



e x e 2 



e\ + d g0 (x l ,x 2 ) 2 



Proof. Proceeding as in Lemma B.4 of lfl2l one can prove that 



r e -i 

JdM\ei + d g0 (x,Xi)' 1 1 



£2 



< C 



e\ + d g0 (x,x 2 ) 2 

n-2 



da„ 



^e\ + d ga {x 1 ,x 2 ) 2 
From this the assertion follows. 
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Lemma 3.15. We have 



Jm 



)\ A go a (x 2 ,e 2 )\dv go < Cp 



£i£2 



e\ + d g0 {xi,x 2 ) 2 1 



and 



J 

JdM 



2(n-l) d u — 



<C\p + 



e 2 



£l£ 2 



P )\ e \ + d ga {xi,x 2 ) 2 1 



for all e\, e 2 < p 2 < 



2 1 



Proof. It follows from Proposition 3.13 that 



4(n - 1) 

n _ 2 A g.v 2 »fe,e2)( x ) ~ R g, 2 u (x 2 ,ei)(x) 



cr- 1 



e 2 



e 2 + d g0 {x,x 2 ) 2 



1 {d a (y^ 2 )<4p}(^) 



for all x 6 M and 



2(n-l) d — _j- 

n-2 ^T" fe - e2)(x) " H ^o"te^)M + HJ^jW 



S*2 



< c 



£2 



+ C 



£2 



S + d g0 (x,x 2 ) 2 



l{d ( V/ x 2 )>p/2}ndM(x) 



for all x e <?M. 

Proceeding as in the proof of Lemma B.5 of [12 1 we can show that 



f 

J l"i So (y,.V2)<4p) 



[ei + dgM'Xi) 2 , 



e 2 



£2 + d (X,X 2 ) 2 



<Cp 2 



ei£2 



e 2 + ^go( x l' Z 2) 2 



f 

J{d r Ju,x?)< 



{d g Jy,x 2 )<ip\ndM 



e \ + d g0 (x,x 1 ) 2 t 



e 2 



Cp 



e* + d gQ (x,X2) 2 1 

n-2 



dogoiy) 



e x e 2 



e\ + d ga {x Y ,x 2 ) 2 ) 
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and 



J Id 



{d So (y,x 2 )>p/2)nM 



e\ +d g0 (x,x 1 ) 2 / 



ei + dg (x,x 2 ) 2 



<C^ 



eie 2 



p \e\ + d g0 (xi,x 2 ) 2 



Now the assertion follows. 



4 Blow-up analysis 

In this section we will perform a blow-up analysis for sequences of solutions to 



the equations | |2.4| that will be necessary for the proof of Theorem 1 .4 

Let u(t), t > 0, be the solution of |Z4f obtained in Section[2]and let {f v }~ 1 be 

a sequence such that lim^^ t v = oo. We set u v = u(t v ) and g v = g(t v ) = u^ 2 go- 
Then 

r 2^1) r 

I u v "~ 2 do gQ - I do gv - 1 , for all v . 

JdM L J3M 

It follows from Corollary |2.6| that 



f 

JdM 



2(n - 1) <3u„ 



""2 '7go 



- Hg U V + H colly 



da„ 



f 1% 



- HJ » dcr„ 



as v — » oo. 

Proposition 4.1. Affer passing to a subsequence, there exist an integer m > 0, a 
smooth function m„ > and a sequence {(xl ,e\ )\<k< m }™=i ofm-tuplets such that 

(i) The function «„ satisfies 

(A go u co = 0, inM, 
\^^-u aa -Hg u aa +H oa ut i =0, ondM. 

(ii) For all i + j, 



e* e* d„Ax* ,x*. Y 

l.V l,v * ov i,v' uv' 

— + — + - 



oo as V — » oo . 



7/V i,v 



\u v - Moo - V 



, flSV^oo, 



ip/zere the functions U( X * ^ ) were defined in Section^see formulas (3.15 1 and (3.29 
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Proof. This is the content of Appendix C. The regularity of « ra was established 
by P. Cherrier in IITHll . □ 

Proposition 4.2. If Uoo(x) = Ofor some leM, then ««, = 0. 

Proof. This is just a consequence of the maximum principle and the Hopf 's 
lemma. □ 

We define the functionals 



E(u) = 

(Xm"^^o)"" 

and 



F(u) 



Observe that H„ = iF(a ra ). Hence, 



^(Moo)^" 1 / Q(B",5B) ,, "~ 1 
+ m\ 



Thus we see that 



H^ = \ (eCwco)" -1 + mQ(B n , dB)"- 1 )"- 1 . (4.1) 



2 

4.1 The case u m = 

We set 

= (fe/ £/t/ Mk)k=i m e(<?M x R+ x R+) m , such that 

1 et _ J 
2~ e 



d g0 (x,,x* ) < -< — <2,-<a,<2} 



For each v we can choose a triplet (x k ,v, e; c v , ajc,v))c=i,...,M e &v such that 
P 2(n 1) m i C m 2 

r* 2(n i) m 2 r m 2 

Jm n - a c\o j 5M 

for all (x k , e k , a k ) k=l m e Jl v . 

The proof of the next two propositions are the same of Propositions 5.1 and 
5.2 in [12]: 
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Proposition 4.3. (i) For all i + j, 



(ii) We have 



6iv ^]< v dg Q {Xi V/ Xj /V ) 

— H 1 > oo , as V — > oo . 



\u v - Yj a KvU( Xk ,e k )\\ H1(M) -» , flSV^oo. 
fc=l 



Proposition 4.4. We ferae 

^(*fcv/4,v) - °( 1 ) £ /c,v ' ^T" = 1 + °(!) ' a Kv = 1 + 0(1) 

k,v 

for all k = l,...,m. In particular, (x^, e^, ctk)k=i,...,m !S an interior point of 3\ v for v 
sufficiently large. 

In what follows we assume that e ! V < e; v for all i < j. 

Notation. We write u v = v v + w v , where 

m m 

v v = ^ ttk,vU( Xk , ek ) and w v = u v -'Y a otk, v U{x k ,e k ) • (4.2) 

k=l k=\ 

Observe that by Proposition |4.3| we have 

f ^—^-\ dw 4o dv go + \ H g y v do g0 = o(l) (4.3) 

JM » z JdM 

Proposition 4.5. Let ip^ : B^ p (0) — > Mbe Fermi coodinates centered at x^ rV . If we 
C v = ( f Kl^^ J + ( J ItPvl^du 

\JdM I \Jm 

then for allk = \,...,m we have 

(» I f a tle kiV ) W - d °So I ^ °(l)Cv; 

: -l</v»l 2 



i f a ^-ifhWr , 

(ii) u" 2 .-^ L ; WyflcTeJ < o(l)C v ; 

r _^ e k)V xp-l(x) 

W| l«,» i( „» S '«>^ + I^WF a ''^ |£0(1,C '' 

Proof, (i) It follows from the definition of (x^ v/ e^ /V , a^vJfci,...^ that 

I ? j 1 < da (^ Kv )>dw v > g0 dv g0 + | H go u {Xkvrekr) w v do go = 0. 
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Integrating by parts, 



f 2(H 

Jm 



-1) 



Jm rt - 2 
+ 



A 



1) (9 1 

2~ dr^ U(Xk ' v ' e "' v) ~ H s° a (*K,^)j w v do g0 = , 



f /?£ 

Jaw I n 

which implies 



(4.4) 



f f2(n-l) (5 - i 

J 3M l^^^fe"^' ~ H?0 " (W) +H " a Mf Wvda * 



Then, using Proposition 3.13 and a conf ormal change of the metric we can prove 
that 



JdM * 



<0(1)\\\W V \\ 2n + \\W V \\ 2&.-1) 



for k = 1, ...,m. 

(ii) Let us set i/^, v = §- e 



U( Xkv e ). Derivating 1 4.4 1 we obtain 



C 2(n - 1) 

A gB ip Kv w v dv 

JM n ~ 



Using the estimate |3.8 1 we observe that $t /V satisfies 



_ 2 |x| 2 — e 2 

<^U)fov = -=- (efc|F+X||) 2 + M 2 + °((^ + M)) , m B;(0) . 

Now the result follows as in the item (i), and the item (iii) follows similarly. 
Proposition 4.6. There exists c > such that 

n ~ z J<?m " ' - Um « - z j 5M 

/or flZi v sufficiently large. 



□ 



dan 
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Proof. Suppose by contradiction this is not true. Upon rescaling we can find a 
sequence [w v ] satisfying 

JM " _ z J<9M 



and 

n 



lim— — I .H^da^ >1. (4.6) 



Observe that the identity (|4.5) implies 



f 



. 2(»-l) 



Hi v | ^ dffg, < Q(M, <9M)" « , (4.7) 
and 

f lUM^dPg,, <Q(Mp&, (4.8) 
Jm 

where Q(M) is the conformal invariant defined in Il25l , which has the same sign 
of Q(M, dM) (see Proposition 1.2 of 1251 V 

In view of Proposition 4.3 we can choose a sequence {N v }, such that N v — > °°, 
N v 6k, v — > for all A: = 1, m and 

e< A , + dg (xi A ,,x; iV ) 

> oo for all ; < ; . 



N v e ; , 



Let us set Q ; ; v = B Nl , e;i ,(*/,v)\ Bjsr v e tv (*t,v) ror 1 < / < w. It follows from (4.5 
and p~6l that there exists 1 <k <m such that 



and 



lim f u ," -2 ^ do m > 



I 



< lim — ^Hoo I «;;, 2 jBidG 9 

JdM 



Let i/> v : Bp(0) cK" ^Mbe Fermi coordinates centered at x kA , for each v. 
We set 

n-2 

^v(y) = e t 2 , w v {ip v {e k)V y)) . 

Then 

lim f 2(n ~ 1 V tf>v(y)l 2 dy < 1, (4.9) 

v ^°° J(y€RJ,|y|<N„) n " 2 

lim f | I & v (y)| ? ferdy<Q(M / <9M)-^ / (4.10) 

v ^°° J{ye5KJ, |y|<N v ) 
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and 



and 

lim I |t& v (y)|& dy < Q(M)" A . 

v ^°° J{yeRJ,|y|<N v ] 

Thus we can assume that a) y — v in Hs (R") for some a) satisfying 

r TTi^ rf)2( y ) ^ >o (4n) 

f \dw(y)\ 2 dy<n \ —^—w\y)dy. (4.12) 

jrj JdR'i 1 + lyi 

Moreover, Proposition [43] together with the inequalities 1 4. 7 1 and | |4.8) implies 
that 

L{t^J miy -°' (ti3) 

where y = (yi,...,y„-i,0). 

Let Bj/2 be the Euclidean ball in R" with center (0, 0, -1/2) and radius 1 /2. 
We set C = {we H 1 (B 1/2 ); j aB wda = 0}. Observe that 

mf — = 2 

■W.Bl/2 

and this infimum is realized only by the coordinate functions Z\, ...,z n of R" 
taken with center (0, 0, -1 /2), restricted to By2- 

The ball B 1/2 is conformally equivalent to the half -space R" by the inversion 
F : R*-> Bi /2 \{(0, 0, -1)} given by 



(yi,...,y„-i,y„ + 1) 
y z + - + y z n . x + (y« + 1) 2 



F(yi, ...y n ) = — — 1 - : — + (0, 0, -1) . 



An easy calculation shows that F is a conf ormal map and F*g euc i — 2 g euc i in 
R", where g euc i is the Euclidean metric, and 



2 



z / f (y) = 77. , IN? , ' z » F (y) = 



(y„ + l) 2 + |y| 2 ' w 2 (y„ + l) 2 + |yp ■ 

(See the formula d3~T) for the definition of U\.) 
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Using the estimate 1 4.9 1 we can easily check that 

w = (U^w) o F _1 6 H l {B V2 ) . 

In view of the identities l |4,13| l , ||4,14) and ( 14,15) , w is L 2 (f?Bi/ 2 )-ortogonal to the 
functions 1, Z\, ...,z n . Since by ( |4.11[ > we have w £ in B1/2, this function satisfies 



X\dw\ 2 dy > 2 I a; 2 dcr , 
- 1/2 ^* dB\{2 



which corresponds to 



\ \dw{y)\ 2 dy-n [ 1 w\y)dy >0. 

Jr« 1 + 13/1 



This contradicts the inequality (4.12 1. 
Corollary 4.7. X/zere exfsfs c > swc/z that 



JdM 



da g0 < (1 - c) 



f M 2 \ dw A» dv s« + f H x ,u>f.t1n : . 



n-2 

for all v sufficiently large. 

Proof. By the definition of v v (see formula ||4,2|) we have 



da ga = . 



[ H g0 w 2 v da g0 \ 

JdM ) 



r 2 2 
lim I w.T 2 - 7 m;'~ 2 . 

Hence the assertion follows from Proposition [46] □ 

1 

Proposition 4.8. For all v sufficiently large, we have E(v v ) < {L™=i • 
Proof. By the definition of v v , we have 

JM " z JdM 

= L a L | 2( w w _ 2 1) f M \ da (^Ji dv g° + f dM H «° a k^) da s°} 

~rf (Jm n - z j dM 
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Then 
1 



n-2 

2(n-l) \ n-1 

^E(v v ) ( I v v "- 2 do g 



(4.16) 



f ■ 

m r 

=L< [ h 

EC 2(n - 1) A 
2a i/V a j/V A go u {Xj ^. v) u {Xiv>e . v) dv g 



On the other hand, by the Holder's inequality we have 



g E(« (W r 1 j ^, ) " _1 



(4.17) 



= L(f>— ^ 



V" 

J<?M 



n-2 

-1) \ »-l 



\ n-1 



^ f E4v F ( fl (^,^))fi ( ;; 2 L) da * 



Observe that, given i < /, there exist C, c > such that 



%,>,£,>)(*) "- 2 %,>,ey, v )W ^ C 



^ 2 



and 



£Ti' v £ 



„l-n 
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for all x 6 dM such that d g0 (x,Xi iV ) < e,- <v and v sufficiently large. Thus, 



> F(M (W ))U( WIV )M^ } + C 



j,V + dg ( X i,Vr X j,v) 2 / 



e i/V l{d ga (r,x KV )<e KV ) , 



on <9M, from which follows that 



f m (mw)"" 1 ^,) + F ( fl (W))"" lfl (^v))"" 1 <W*)<W>*'* (4-18) 
> f F(fl(^ v) )% j>v ^,.)fi ( ^ jdffa, + c 
Using this last estimate in 1 4.171 , we obtain 



^flivfljv I f("(.t, v , e/v ))"(.V,v, e ,v)W ( ^ e . ) 



fc=a 
+ 
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Substituting this last inequality in [ 4,16) we obtain 



l I r ^ 

-E(Ov) V~ 2 do v 

L \JdM 



'go 



(4.19) 



v-> f 2(n - 1) . 

- > 2a i/V a;,v — — r- &goU( Xj ^ iv )U( HvHv )dv g0 
it] Jm n-Z 

f /2(n-l) d 

- y 2a tA ,a hV ( - 2 ^ », :■ - 

1 " 



i<j \ e j,v + dg \Xi,v,Xj,v) t 

It follows from Lemmas 13 . 1 41 and 13 . 1 5 1 that 

f 2(n - 1) , _ . , 

Jm n - a 

♦/ 

JdM 

< 

Jm n 

♦ r 

J<9M 



2(n-l) d 1 .a 



(4.20) 

U (x,,„e,,v)d0 g0 



1) 



A go M (%j,v,e,>) M fe,v,e/,v)| dl? Jc 



2(H ~ 1) 5 . - _^ 



M (*,,v,e,,v) rfcr So 



~f ("(A>,e,, v )) - H a 



<C p + 



e i/V e 



A 1 ' 



lv ) U (x,,v,e,,v)do g 
( 

0(1) 



where we used the fact that lim^oo ||F(M^. v)e . v )) - HcJ = 0, for all / = 1, 



Now the assertion follows from the estimates 1 4.19) and ( 4.20) , choosing p small 
and v large. □ 

Corollary 4.9. For all v sufficiently large, we have E(v v ) < (mQ(B n , d~B) n ~ 1 )^ . 

Proof. Using Proposition |3.7| we obtain E(fifa v , Ct ,,)) < Q(B n , dB) for all k = l,...,m. 
Then the result follows from Proposition 4.8 □ 
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4.2 The case Uoo > 

Proposition 4.10. There exist sequences {ip a }a€K c C°°(M) and {A„ > 0}„ e ]N c ]R 
satisfying: 

(i) For all a e N, 

A go ij> a = 0, inM, 
2 J^^ a -H g0 ip a + A a u^xp a = 0, ondM. 



(ii) For all a, b e N, 



I IpalpbU'^dOg 
JdM 



|l, ifa = b, 
0, ifa + b. 



(Hi) The span of{ip a }™ =1 is dense in L 2 (dM). 
(iv) We have lim^^ A„ = oo. 

Proof. Since we are assuming H g0 > 0, for each / e L 2 (dM) we can define 
T(f) = u where u e H l (M) is the unique solution of 



A„ oU = 0, 



2(n-l) d 
n-2 dr] s 



inM, 



u - H go u = fu^ 2 , ondM. 



Since H l (M) is compactly embedded in L 2 (dM), the operator T : L 2 (dM) — > 
L 2 ((?M) is compact. Integrating by parts we see that T is symmetric with respect 

to the inner product (ipi,ip2) >-> J 5M ^i^iu^ 2 da g0 . Then the result follows from 
the spectral theorem for compact operators. □ 

Let A c N be a finite set such that A„ > -^H^ for all a g A and define the 
projection 

Lemma 4.11. For any 1 < p < oo fere exists C > such that 



\\V(dM) 



< C 



2(n-l) <?/ 



n-2 d/fc 



n-2 



LP(<?M) 



+ Csup 



aeA 



\ u^ 2 i)j a fdc 

JdM 



for all f e C 2 (M) such that A go f = in M. 
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Proof. Let us set T(f) = %Td^f - H gJ + ^ H °° M ~7 on dM. Suppose the 
result is not true. Then we can find a sequence of harmonic functions {//} 
satisfying 



JdM 



1 = ll/;lb(5M) ^ 7F(/;)IIlp(«9M) + / sup 
By Lemma 3.2 in [11 ], 

ll/yllwV^M) ^ C||T(/y)||LP(5M) + Q\fj\\u>(dM) , if P > 1/ 

and by Proposition |B-3| and Corollary |B-4| we have 

ll/illwiA^^CIIT^Ib^ + CH/ylb^. 

It follows from compactness that we can find a function / satisfying 
ll/lb(3M) = 1 / sup I u^ifj a fdo g0 = 0, 

aeA JdM 

and 

I T(i^ a )fdo g0 = for any a e N . 

JdM 

Hence, 

(A fl - f ^ a fut 2 da g0 = for all a e N . 

In particular, J dM \p a fu^ 2 da g0 = for all a g A, which implies / = on dM and 
contradicts the fact that ||/||Lf(5M) = 1- a 

Lemma 4.12. There exists C > such that 



"L^=2(dM) 



< c 



(4.21) 



L» 2 -2»+2 (<5M) 



and 



+ Csup 



IIli(^m) ^ C 

+ Csup 



I U£ 2 lp a fdo gc 
JdM 



(4.22) 



f w^ 2 ^ 

J.9M 



/da 



go 



/or aW / 6 C 2 (M) smc/2 f/iaf A g0 / = m M. 
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Proof. We will follow the notation in the proof of Lemma 4.11 and set po = 
-^L. By Lemma 3.2 in All . 



n 2 -2n+2 ' 



H/llw^'o^M) ^ C||T(/)||x/o(5M) + C||/|| L po(5M) • 

Thus it follows from Lemma |4 . 1 1 1 that 



f ui 

JdM 



(4.23) 



WfWw^o (dM) ^ Q\T(f)\\wo(dM) + Csup 

aeA 

By the definition of T we have 

T(f) = T(T(f)) + V ( ~rH ro - XM [ ut^afdoA ut^a ■ (4.24) 
Hence, 



\\T(f)\\ m{ dM) = \\T(T(f))\\ md M) + Csup 



JdM 



lp a f 'do 



go 



(4.25) 



Now the estimate 14.21 1 follows from [ 4.23) , (4.25 1 and Sobolev's inequalities. 
In order to prove 1 4.22) , observe that by Lemma 4.11 we have 



HdM) < Q\T(f)\\mdM) + Csup 



heA 



JdM 



Now the result follows from the formula | |4.24) . □ 

Lemma 4.13. There exists C, > with the following significance: 

for all z = (zi,...,z„) e R A with \z\ < C there exists a smooth function u z , such that 

A go u z = in M, satisfying 



J u^ 2 (u z - u D 

JdM 



,)ip a da g0 = z a , for alia e A, 



and 



2(n - 1) du z 



- H go u z + H oaU z 



0. 



n-2 dn g0 

Moreover, the mapping zhh 2 is real analytic. 

Proof. This is just an application of the implicit function theorem. 
Lemma 4.14. There exists < y < 1 such that 



(4.26) 



(4.27) 



\E(u z ) - E(Moo) < Csup 

aeA 



f *■{- 

JdM \ n- 



- 1) du z — J- 



l+y 



if\z\ is sufficiently small. 
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Proof. Observe that the function z i-> E(u z ) is real analytic. According to results 
of Lojasiewicz (see the equation (2.4) on p. 538 of [40]), there exists < y < 1 
such that 

\E(u z ) - E(Uoo)\ < sup 



j-E(M*) 



l+y 



if |z| is sufficiently small. Derivating E{u z ) we obtain 



\J<?M 



<?z„ 



E(w 2 ) = -2(F(u z ) - 2H^) 



, f /4(n- 
'Jaw I 



da a 



(4.28) 



1) (?w 2 



2 dq g 



- 2H g0 u z + 2HooMz 2 t/v rfcigo , 



where we have set i/> fl 2 = — — for a e A. Derivating the identity (4.26 1 we obtain 



JdM 



1 Xpa^lpb do g0 



|1, i£a = b, 
0, ifa^fc, 



(4.29) 



for all kA. 



Integrating by parts and using the identity 1 4.27 1 we see that 

(F(m z )-2H D0 ) f uf^ 

JdM 

JdM\ n- 



~ d °g 



(4.30) 



=-Ef f- 



- 1) <9m z 



-2H g0 u z + 2H 0O fl 2 '- 2 h/;j rfa 



-2 

Substituting | [4.29) and | |4.30| | in ^4.28) , we obtain 



JdM 



l ip b u z do gl 



go 



n-2 



dz. 



E(flz) 



= 2 YL\\ U z"~ 2 d °g°) ' f U 'z 2 $a,zdc g0 - \ U'^ 2 U z ljj b do g 
^ \JdM J JdM JdM 



C U(n- 
JdM\ n- 



- 1) du z 



, f /4(n- 
J5m\ n- 



2 dr lgo 

1) <9w 



- 2H g0 u z + 2H co uf 2 dcr 



-2 *?gd 
Hence, there exists C > such that 



- 2H g0 u z + 2H oa u^ 2 ip a da g0 . 











< Csup 


/( 




JdM \ 



1) <?« 2 



2 <ty 



2Hg M z + 2H 0O w^ 2 i/> 8 rfcj g 



from which the assertion follows. 
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We set 

Jl v = f(z, (x k/ e k , a k ) k= i t ... /m ) e U A x (<9M xK t x R+) m , such that 



\z\ < I, d g0 (x kr xl v ) < e* Kv , ^<^<2,^<a k <2}. 

k,v 

For each v we can choose a pair (z V; (x^ jV , e; c v/ a^ /V )fc = i m ) e 3\ v such that 

f 2( " P \d(u v - u Zr - J\ a kv u iXkVj£Kv) )\ 2 dv g0 

P m 2 

+ I H g0 (w v - % - y a tv M( Itr , fti ,)) do ga 

JdM j~[ 

f 2(n-l) b/ , |2 

r m 2 

+ I H g0 (u v -Uz-Y. a k u {Xkrek) ) da g0 

JdM " 

for all (z, (x^e^at) 

k=l,...,m 

The proof of the next two propositions are the same of Propositions 6.6 and 
6.7 in El: 

Proposition 4.15. (i) For all i + ], 

€iv ^j,v dg Q {Xj v ,Xj v ) 

1 1 > oo , as V — > oo . 

(ii) We have 

m 

IK - "*v - £ ^vMfe^H^^ -» 0, flSV^oo. 

fc=l 

Proposition 4.16. We have 

\z v \ = o(l) 

and 

d g0 {x k ,v,x kA ) < o{l)e kv , -f- = 1 + o(l) , a tv = 1 + o(l) 

/or a// A: = l,...,m. In particular, (z v , (x k , e k , a k ) k= i^ m ) is an interior point ofJl v for v 
sufficiently large. 

In what follows we assume that e,> ^ £j,v for all i < j. 

Notation. We write u v = v v + w v , where 

m m 

v v = u Zv + ^ a krV U( Xki£k) and w v = u v - u Zv - ^ a k/V u {Xk/et) . (4.31) 

k=l k=l 
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Observe that by Proposition |4.15| we have 



H go wlda go = o(l) 



(4.32) 



Proposition 4.17. Lef i/^ /V : (0) — » Mbe Fermi coodinates centered at x^ v . If we 
set 



n-T, 

- 2 do„ 



n-2 
2l:,-l) 



fi 



V<9M 

then for all k = 1, m and seAre /wee 

2 

^ I I "to & ) Wv da so\ ^ °(!) C W 

r -a 4v-'^>) i 2 

^ "to e t ) J 1 ,'-1/ M2 ^' da ^o ^ oWCv 



„ w v dOf n \ < o(l)C v ; 



Proof, (i) We set i£ fl/2 = ^u z . It follows from the identities 1 4.27 1 and (4.29 1 that 
4>a,o = tya for all a e A. 

By the definition of (z v , (xk lV , £k,v, ock,v)\<k<n) we have 

f ~~~ — T~ < d $«,zr> w v > g0 dv go + \ H g$a,zWv da So = . 



Hence, 



, I u^ 2 ijj a zv v da g0 

JdM 

<2(n-l) dtya 



="/( 

= /( 



n-2 drfo 
2(n-l) <? 



-Hgalpa \Wvda 



J go 



n-2 drjg 



(i/V v - i/'fl) - H g0 (ip a , Zv - tp a ) w v da g0 . 



Then, since A„ > and |z v | — > as v — > oo, we conclude that 



f ■ 

J<9M 



U^XpaWv da gt 



< o(l)\\w v \\ L i (3M) , for all a e A , 



(4.33) 



from which the assertion (i) follows. 



The proofs of (ii), (iii) and (iv) are similar to Proposition 4.5 



44 



Proposition 4.18. There exists c > such that 



w v do g0 



n — ( X ri J. 

- (i - c) l f ^^^^0+ r h 4 

I JM " _ z JdM 



w 2 v da g0 



for all v sufficiently large. 



Proof. Suppose by contradiction this is not true. Upon rescaling we can find a 
sequence {w v ) satisfying 



C 2{n 

Jm n- 



1 \dw v \l dv g0 + I H g0 w 2 da g0 = 1 



f - 

JdM 



and 



r ( >» \ 

lim o H <=° U ™ 2 + 1 , U (xl e, ) 



w 2 v da ga > 1. 



Proceeding as in the proof of Proposition |4T6] and using the same notations we 
only have two possibilities: 



Case 1. We can suppose that 



lim f k£ 

v ^°° JdM 



w 2 v da g0 >0 



and 



lim 



1 1 



2(n-l) |2 



M\U™ 1 O t ,„ 



J5M\u™ 1 n l-v 



H g0 w 2 v da g0 



(4.34) 



(4.35) 



n — 
< lim -H c 

v— >oo n — 2 



I M 

JdM 



Jw 2 v da g0 . 



In this case we can assume that w v — a) in H : (M) and, in view of 1 4,34} and 
|435j, we have 



2 it) da g0 > 



(4.36) 



and 



r 2(n - 1) r n C — 

— |d^ o d^ ?0 + H g0 zv 2 da g0 < -H M u^ 2 w 2 da g0 . 

Jm n ~ L 1 J<?m n - z j 3M 

Then it follows from the definition of {ip a } a eN that 

\JdM I t^ n - Z \JdM 



(4.37) 
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By Proposition |4. 1 7| we have 

I u^ 2 \p a w da g0 = , for all a e A. 

JdM 



This, together with ( 4.37) , implies that w = on dM and contradicts the in- 
equality [ 4.36) , 



Case 2. There exists 1 <k < m such that 



lim f w,"~ 2 ,ivl da„„ > 



and 



lim 

V — >oo 



-1), 



l Jn t „ n-2 



< hm 

V— >oo n — 2. 



H^wl da ga 



H 



In this case we proceed exactly as in the proof of Proposition 4.6 to reach a 
contradiction. 

This finishes the proof. □ 



Corollary 4.19. For all v sufficiently large we have 



n-2 



H 



, \ vrwlda g0 <(l-c)\ \ ^ 

JdM \Jm n ' 



-1) 



\dw v \ldv g , + 



JdM 



go wlda go 



Proof. By the definition of v v (see formula 1 4.31 1) we have 



lim \vf* -u™ - Yuf* \"~ l d a g0 =0. 



Hence the assertion follows from Proposition 4.18 
Lemma 4.20. There exists C > such that 



L"-2(dM) L A ir J (dM) j—f K,v 



ifv is sufficiently large. 
Proof. Using 

(A go u v = 0, 



inM, 

= -(H„ - H^uf 1 , on dM , 
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and 



we obtain 



rl 2 -^>^-H go u v + H^\ = o, 



n-2 drj g 



/2(n — 1) d _ n — -2_ \ 

M ^-3 — («v - "zj - H g0 (u v - u z% ) + -H^u^iuy - u Zv )\ 

v n — z dT]^ n — 1 * 

= r( - (H ft - H^ur 5 - ^H M (fl z A - w*)(w v - fl z „) 

+ H ro w 2 " 2 + -m 2 '- 2 (m v - u z ) - u;- 2 )). 

\ n — Z 1 ;/ 

It follows from the estimate | |4,21[ | that 

/2(n-l) <? 



n LS=2(,3M) 



II v n 



2 d n , 



-(u v - u Zv ) - H g0 (u v - u Zr ) 



n-2 



iU^ 2 (u v - u Zv ))\\ 



+ Csup 



I u£ 2 ip a (u v -u Zv )dc 

JdM 



where p = ,f^l 2 - Hence, 



tfo(dM) 

{uf 2 - ui~ 2 )(u v - u Zv ) 



Uy 2 (Hg v — Hoo) 

+ c 
+ c 

+ C sup 



(4.38) 



W(dM) 



u n z 2 + — ~u^ 2 (u v - u,) - u;r 

n — Z 

I u^ 2 i\> a (u v -u Zx )do^ 

JdM 



U'o(dM) 



It follows from the pointwise estimate 



-m z "; 2 (m v - u Zv ) - 



n-2 

maxlO,^-!), imin{2,-£ 



(4.39) 



< Cm 



u v -u Zv r n ^ + C\u v -u Zv \-> 



that 



2 H -U" 2 (u v - U z ) - U 

Zv n-2 Zv v v ' 



< C 



u v - u z 



U'o (dM) 



W(dM) 
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If we set A = \u v - u Zv \ mm ^ 2, + \u v - w z J »" 2 then we observe that 
l|A|bo(5Afl ^ WAWwofdMy^Dm^x^)) + \\Mu>o(u»^D Nckv (x t ,,)) 

"' _ 2 



+ C^|||M v -M z J mil,{1 'A 1 + 



U v - u, ,. »- 2 



k=1 



L<-\dM\Ul< =1 D NlKv (x k/V )) 



\\u v -u z J\ lA(3M) , 



by Holder's inequality. Using Proposition 4.15 (ii) we have 



\ U V - U z \\ 2(11-1) 



k=\ 



L^r (3M\Ul' =1 D N%v (x Kv )) 



U(x kiV ,e k ,)\\ J ^ 



+ \\W V \\ 2(»-l) 



k=l 



< CN r +o(l). 



We also observe that n - 1 < 2 ^_^ if w = 3, 4. Hence, 

m 2 

\\A\\wvm < cJjNe^)^ + CiN- 1 + o(l))\\u v - %II L ^ ((?M) , (4.40) 
fc=i 

since \\u v - u 7 J\^ nn-i) ^ is uniformly bounded according to Proposition 
and Sobolev's inequality. On the other hand, 



4.15 (ii) 



sup 

aeA 



J U^ 2 lfj a (u v -ii Zv )d0 go 
JdM 

r 2 m 

= SUp I U^ 2 l/> fl ( V ttk,vU(x Kv ,e Kv ) + Wv)d0 gl 
aeA JdM j. =1 

m ^ 

- C H, £ Z + °( 1 )ll l0 vllLiyM) 

jfc=l 

m 2 m 



(4.41) 



ifc=l 



lc=l 



k=l 



where in the first inequality we used the inequality < 4.33) . 
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Now we substitute ( |4.40} and \AA1} in | |4.38) and, using the Holder's in- 
equality and choosing N large, we conclude that 



k=l 



for v sufficiently large. This proves the assertion. 
Lemma 4.21. There exists C > such that 



\Uv ~ «z„IIlW) ^ C H"v" 2 (% - H„)\\ L ^L + 



ifv is sufficiently large. 



Proof. Similarly to the proof of Lemma 4.20 using the estimate 1 4.22 1 we obtain 

u v ^(%-Eo) (4.42) 



(«v - uzJWmam ^ c 
+ c 
+ c 



2 n 

(wi.;; 2 - u£ 2 )(u v - u Zv ) 
n 



u"~ + 



z * n-2 
+ C sup 



D(dM) 

2 _n 

"z"; 2 ("v - «zj - "r" 



I u^ 2 ip a (u v - u Zv )da 

JdM 

By the pointwise estimate 1 4.39} we have 



K 2 + — ^"z7 2 ("v-%)-" 

n — 1 



< C 



u v - u. 



< C M v - «z v 

< C - fi z 



|min(^,2) 

imax{0,l-- 
l\L l (dM) 
i|max{0,l— - 



L 1 (<?M) 
+ C|« v - «z v |^ 



(4.43) 



lL»(e!M) 



|l«v " "J"" 2 || il(3M) + C |||Uv " «zj"- 2 

I - IIS !1 2 miri l 1 ' !! 2 1 l , /-II - II S3 

\u v -u z \\ „ + C\\u v -u z \\ „ 



where we used Holder 's inequality in the second inequality above. 
Substituting ^4.41} and | |4.43[ l in | |4.42) we obtain 

m ^ 

ll«v - %IIli(«?m) < CHuf^Hg,. -HoaJl^g^a + C XXT 

fc=l 

II - || max )0'l - ^}|| - || nti^U/^} 
+ C ||uy - u Zr \\ Ll(m) \\u v - u Zv \\ L ^ Hm 

n 

+ C||m v -«zJ"1, 

L1^2(dM) 
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for v sufficiently large. Now we use Young's inequality to conclude that 

ill 

IK - AzJlw) ^ Q\"t 2 (H gv - Hco)!^ + C£ (4.44) 

fc=i 



+ C||m v -%||"1, 

1 L^I(,?M) 



Since Corollary |2 ,6| implies 



as v — » oo, we can assume that 

\\ut 2 (H gv -H 0O )\\^ m <l. (4.45) 
The result now follows applying Lemma 4.20 to the inequality 1 4.44} . □ 



Lemma 4.22. 



sup 

aeA 



( 4- 

JdM \ n 

JdM 



2(n -l)du z — _ , 



\H gv - H 



C L4 



ifv is sufficiently large. 
Proof. Integrating by parts we obtain 
<2(n - 1) du z 



f *(- 

JdM \ » 



2~ dn~ ~ Hg ° Uzv + Hk, " z " ;2 ' dag0 



- f A- 

JdM \ « 



- 1) <?«v 



-H„ u v +H kj m^ 2 da 



+ 



2 

A„ I u^xjjaiUv-u^dOgQ-Hcc I \l> a {uf~ 2 -u^ 2 )do g 

JdM JdM 



Using the fact that - Hg u v - HooW,? 2 = -(H fi , - H^u". 2 on <9M and 

the pointwise estimate 

K* - 8*1 ^ Cw z A |m v - w z J + C|u v - fi^l^ , 



we obtain 



sup 

aeA 



f *(~ 



2(n - 1) <?fi z 

— ^-^^ -H go u Zv +H oa u z ^ 2 \do,. 



< C\\u^- 2 (H gv - H„)|| + C||m v - fl 2 J| L i (5M ) + C||m v - a z J|"- 2 „ . 
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Then it follows from Lemmas 14201 and 14.211 that 



sup 

aeA 



f M- 



2(n - 1) dOt, 
2 <fy 



So 



- H ffn u Zv + Hceii?- 2 \da g0 



(4.46) 



< C|| M r (Hg, - HcoJH %_ a) + C|| M r 2 (H ft - HcoJIL w ttM , 



lfc=l 



The result now follows using the inequality ( 4.45} in 1 4.46} . 
Proposition 4.23. There exist C > and < y < 1 such that 

E(u Zv ) - E(Woo) 



< C 



r ^ _ 2(„-D I 2 < b-1 ' 

J<?M 



^1) (1+7) m 



+c E e 



k,v 



ifv is sufficiently large. 



Proof. This is a consequence of Lemmas 4.14 and 4.22 
Proposition 4.24. There exists c > such that 



( 



E(v v ) < 



k=l 



n-l m 



k=l 



ifv is sufficiently large. 

Proof. By the definition of v v , we have 

1) 



Jm n 



2 

2(n - 1) 
n-2 



«> + I J 



\ \du z f go dv go + J H g0 u 2 z do g0 
Jm JdM 

1 I ~„ — 9~ < da zvdu {XKrteKv) > g0 dv g0 + I H go u Zv u {Xkv/£tv) da g 
i~f (Jm n-z j dM 

Y\2a i/V aj, v \ f 2 " 1 < du( Xi ^ v ),dii {Xjvfi .) > g0 dv g0 + f H go u^. v) u^ vj£ , v) do g 
r-f (J M n - l j 3m 
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2(11-1) \ «-l 

v"~ 2 do. 



z \Jdl 

r i _ 2(--i) 

~F(%)fi z ;- 2 da g0 

JSM Z 

A f /2(n-l) 5 7T \ 

\-" . f 2(n - 1) A 

- > 2a irV a jiV A go u {XiAw£jv) u {XtV/£tv) dv g0 
i<j Jm n-I 

Vo C /2(n-l) 5 \ , 

- 2^ 2a ;> a i/V |-^2"^ M (w) ~ H g u (x h v,e,, v ) J U( Xl ^ hv) do g 

On the other hand, using the Holder's inequality we have 

( m \i>=T , „ 

> F(u Zv )a z :- 2 do so + 2^ <v F ("fe,v^v))w ( ;; v 2 /etv) d ^o 

C XT' I 1 ?!5=U 1 ?!5=U \S=T 

+ ^2a fc , v F(fi Zv )"- 1 « Zv - +F(«^))"- 1 « ( ^ Av) 

■U Zv U(x kvi e k , v )d0g o 

+ ^2a,, v «, v (F^^r^ iv) +F(« ( ^^ ) r- 1 tZ- 

• U {x , A „e,, v )U {Xjv ,e jv )do g0 . 

Let 1 < fc < m. It follows from the inequality 

/ 2jn-l) 2(n-l) \J=T 

> F(u Zv )K 2 ii(x k , v ,e k ,) + ce~ 2 l {dm(x , Xkv) < ekv] 



(4.47) 



n-2 

2(n-l) \ n-1 

z?"~ 2 da„ 



_ 2(11-1) 
(**,v,ft,v))" M (^, v ) 



(4.48) 





1 








/ r 2(n-i) \ 




ri 








\J,9M / 



, 2(n-l) 

■> e k,v)' (x tiV ,e Kv ) 



v 2 v do g0 
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on dM, that 

f (F(u Zv r l up +F(u {XKv , ekv) r 1 u 2 ^ i T u Zv u (Xkv/ekv) da g0 (4.49) 

JdM ^ ' ' 

> I F(u z Ju^ 2 u (Xk ^ v) do g0 +ce k ^ 

JdM 

if v is sufficiently large. 

Using this last estimate and the inequality 14.18 1 in 1 4.48} , we obtain 



n-2 

2{«-l) \ n-1 



v v "- 2 da ga 



"i n-i i 

r _ _2fn-l) ™ f _ _2(2-l) 

> F (u Zv )u z ';- 2 da So + > a k v F(u(^ v ^ v) )u^,da g 

JdM JdM 
m p 

+ Yla Kv I Fiu^u^u^^do^ 

+ Y 2a hV a jA , I F(M(^ v ))M( Wl> )M ( ^ v< /a ga 

l^J JdM >' M 

n-2 

1\ — 
£i,v£j,v 
£ j,v + &ga{ x i,vi x ],v) t 
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Substituting this last inequality in 1 4.47) we have 



-E(Ov) V" 2 da, 

Z \J<9M 



'go 



(4.50) 



<^|E(Mj B - 1 +|;E(%^)r 1 | (f i 



2("-l) 



f /2(n-l <9 

> 2ajfe, v r- 3 Wz„ - H ?0 w Zv 



1 " 

+ -F(u Zv )u^ 2 )u {xtvrekv) da g 

v f 2(n - 1) . 

- > 2a,>«/,v — — r- Ag M (3Cj . v<e . v) U( Xtvieiv )dV g0 

Uj Jm n-z 

f /2(n-l) <5 
-> 2a 1 >a ; > — 3- 



-I) d _ 



■ce, - c 

k.v 



1 " 

2 F (%/.v^.v))"g v ^,.))"(^v)^0 



I 

i<7 



Since |F(m Zi ,) — > Jf(«„,) = H ro as v — » 00 , we have the estimate 



f 



2(n-l) 5 rT 1 » 

„ _ 9 V - % -H go u Zv + -F(u Zv )ul- 

n L "Hga L 



G(x k , vl e Kv )do g0 < o(l)e k l . (4.51) 



Now the assertion follows from the estimates 1 4.20 1,1 4.50) and 1 4.51) , choos- 
ing p small and v large. □ 

Corollary 4.25. There exist C > and < y < 1 such that 
E(v v ) <(E{ Uco ) n - 1 +mQ{B n ,dB) n - i y h 



+ C 



JdM 



\H gv - H a 



2(h) (i+y) 



ifv is sufficiently large. 



Proof. Using Proposition 3.7 we obtain E(m(-^ v )) < Q(B",(9B) for all k = l,...,m. 
Then the result follows from Propositions 4.23|and 4.24 □ 
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5 Proof of the main theorem 

Let«(i), t > 0, be the solution of | |2,4} obtained in Section|2| The next proposition, 
which is analogous to Proposition 3.3 of [12J/ is a crucial step in our argument. 
The blow-up analysis of Section [4] is used in its proof. 

Proposition 5.1. Let {t v }°°, be a sequence such that lim^^ t v = oo. Then we can 
choose < y < 1 and C > such that, after passing to a subsequence, we have 

{ r 2,,,-d _ „ 1 

HgM -H^^Cl u(t v ) in- \H g{tv) - Hoo|~ do & \ 

(JdM ) 

for all v. 

4 

Proof. Let us set u v (x) = u(x,t v ) and g v = g(t v ) = u^ 2 g . We consider the 
nonnegative smooth function obtained in Propositio n |4. 1 1 and write U v = 
v v + w v as in the formula \^.2) if w M = 0, or in the formula ^4.31) if u^ > 0. Then 
integrating by parts the equations | |2.1| we obtain 



JM « z JdM 
JdM 



2(n 


-1) 


n ■ 


-2 


2(n 


-^| 


n - 


-2 1 


4(n 


-1) 


n - 


-2 



< dw v ,dv v > g0 dv gQ + I 2H g0 v v w v da gQ 
Jm 11 JdM 



On the other hand, 



r A(n - 1) f 

— — < dw v ,dv v > ga dv g0 + 2H g0 v v w v da g0 
Jm " z JdM 

= f 2H gv ulT 2 w v d0 ga - f ^—^-\w v \ z go dv go - f 2H g0 w*do g0 . 
JdM Jm n - a j dM 

Hence, 

Jm n - a j dM 

~ f 2 r o^ l^vlirfPgo ~ I H go w v d ff?o+ 2 f H gv u^w v do g0 , 
Jm n - a j 3m j dM 



which can be written as 

H-2 



% = Je(ov){ f v^pdaA 1 + 2 f (H g ,-H„)u* Ll zD v do gt (5.1) 

z I JdM J J<?M 

" I l~\ \ dw 4° dv s°- \ { H so w l-z\H co v^wl}da go 
Jm n ~ a JdM 1 " ~~ z ' 

+ Hoo I I ^v;- 2 wl + 2(v v + w v ) & w v I do g0 . 

JdM y n - a I 
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We can prove that 

Thus, it follows from the volume normalization _£ M (^ + w v )~^ do gg = 1 that 

n-2 

f P ) "- 1 C (n-2 3ta n-2 w i 

Um^ 2 ^} -^Ll^T^ 2 -^ + -^}^o- (5.2) 

Using the equation | |5,2| in the equation | |5,1) we obtain 

H gv <Hoo + (^£(^v)-Hoo)i f ^da ?0 l +2| (H ?v -H BO )uf*w v do ga 

(JdM " J JdM 

C ,n — 2 2( "~ 1) w _2_ „ 

+ H ~ hr-r^- 2 --^^'- 2 ^v (5.3) 

J^in-l n-2 



„ n — 2 2(»-i) i 

+ 2(i? v + - - — -(i? v + w v ) "-2 Jda^ 

~ 1 2 H n \dw v \ 2 dv g0 - \ [ii gts wl- -^—HcaV^uAdOgc 
Jm n ~~ z JdM I n - z j 

Now we are going to estimate some terms of the right hand side of ( |5.3} 
separately. By the Holder's inequality, 

f upiH^-H^Wydag, (5.4) 
r ^ _ ;(„-!) ] ^ f r 2(2-1) V 

JdM J I JdM J 



n-2 
2(n-l) 



It follows from Corollaries 14. 7l and l4.19l that 

>c I " \dzv v \ 2 dv g0 +c I Hg^dOg,, 
Jm n - a j dM 

which implies 

[ ~^-\ dWv \ 2 go dv so + [ [ H g w l- -r-^^V'w^dag, (5.5) 
Jm n ~ z JdM ^ n - z j 



{C 2(11-1) I 

Kl »-2 da g0 ) 
JdM J 
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since Q(M,dM) > 0. By the pointwise estimate 



n-2 n 2 2 » n-2 ^ 
0v Z^v w v + 2(v v + W v ) "-2 w v -(v v + w v ) «- 2 



n-1 



< Cv. 
we have 



max{0,- 



n-2 

! " 3 Wv| min| 



n-1 



2(n-l) gi .2(n-l) 
n-2 ' J ' 



+ C|lD v | "" 2 , 



f 

JdM 

JdM 



w _ 2 2(n-l) 

ZV'~ 2 



n-1 v 



n-2 



n-2 
n-1 



(t?v + IP V ) "~ 2 



do 



go 



Iwvl ' "- 2 'do g0 + C \w v \ n-2 da v 

Jdk 



(5.6) 



JdM 



< C 



f I 

JdM 



2(n-l) 

liDvl "~ 2 rfcr 



So 



— mini — - 1 

n-1 lnu, l n-2 '2 ' 



We recall that \\w v \\ 2 <n-i> = o(l) by (4.3 1 and 14.32 1. Using the estimates 1 5.4 \, 

L^(dM) V __ J i f 1 I 11 

p3j and p.6\ in the inequality ||5.3) we obtain 



H gr < Ho, + (-E(v v ) - 



JdM 



2(n-l) 

v,, n ~ 2 da 



+ C 



JdM 



|H„ 



2(n-l) 



In view of the equation 1 )4.1) , the Corollaries 4.9 and |4.25| imply that 



1 



Hence, 



r 2(n-i) — z , n __ v 
E(v v ) - H M < C M v - 2 |% - Hool » da So 

IJdM 



Hrr < Hoc + C 



|He v — H a 



where we also used Corollary 2.6 with p = 2 ^" n ^ . 



This finishes the proof of Proposition 5.1 



Once we have proved Corollary 2.6 and Proposition 5.1 the proof of the 
following result is a simple argument by contradiction as in Proposition 3.4 of 

02- ' 



Proposition 5.2. There exist < y < 1 and t Q > such that 



Hg(f) - Hoo < 



f ■ 



n-2 \H g(t) - Hoo I » At 



?0 



2^ 



/or «// f > to. 
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Corollary 5.3. There exist 0<y<l, C>0 and t\ > such that 



Hg(t) ~ Woo < C 



2(11-1) — 2(n-i) 

u(t) «-2 |H ?(t) -H ?(f) | « tfo Sc 

J<9M 



/or aZZ f > fx. 

Proof. It follows from Proposition [5^2] that 

- - { r 2,„-i> _ M ) 

H m - H M < C «(f ) — |H ?(t) - H g(t) | — 

IJ<?M ) 

+ C(H g(t) -H KI ) 1+ '\ 

from which the result follows. □ 
Proposition 5.4. There exists C > swcfa f/zaf 

i 

r j r U (t) 2j ^(H g{t) - H Sit) ) 2 do s \ 2 dt<c 

JO (JdM ) 

for all t > 0. 

Proof. By the evolution equation \2.7\ and Corollary |5.3| there exists C > such 
that 



dt 



(H git) - Hoo) = -(n - 2) f (H ?w - H g(f) ) 2 u(f)^d^ 

J<9M 



_ .?<5z2 2(2-1) 

1%') -%o| " "(0 "- 1 da & 



<-(n-2)j f 

< -c(% f) -Hoo) 1 ^ 
for t > sufficiently large. Hence, j t {Tt g (t) - Hoo)^ > c, which implies 

!+)■ 

H g (t) - Hco < Ct l ~r . 
Then using Holder's inequality and the equation | |2.7| we obtain 

r ( r (% - H f(f) ) 2 U (f) ^ da j 2 * 

"(X ^ (X £ M (% f )-% f )) 2 "W^da So * 

1 

T(H giT) -H g(2T) )} 2 <CTT 



n-2 
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for T sufficiently large. This implies 

i 

f ( f (H g{t) -H m )Mt)^da g A dt 

JO \JdM J 

1 - 

= f if (H 8 (t)-H g{t) ) 2 u(t) 2 ^da g X dt 

JO \JdM I 

+ E {H g{t) -H g(t) fu{t)^da g0 \ dt 

Tt ^ \ JdM I 



2~~' < C, 



k=0 



which concludes the proof. 

Proposition 5.5. Given yo > there exists r > such that 



C 2(n-l) 

u(t) "-1 da g0 < y 

JD r (x) 



for all xedM and all t > 0. 



Proof. Let yo > 0. Using Propostion 5.4 we can choose T > large such that 



ns - 

JT {JdM 



(t)^(H g(t) -H g{t) ) z da g0 \ dt< 



yo 



2(n - 1) 



Then we choose r > small such that 



f 2(»-l) 

U(t) n-2 dO g0 < 

JDAx) z 



(5.7) 



(5.8) 



for all t e [0, T] and all x e dM. By the second equation of 1 2.4 1 we see that 

r u(o^ - r w(T)^^ (5.9) 

= -(n-l) f f (Hg^-Hg^Mt^do^dt 

JT JD t (x) 

1 

< (n - 1) f ( f (% f) - H, w ) 2 uiif^daA dt 

Jt (JdM ) 

for all t > T and all x e (?M, where we have used the boundary area normaliza- 
tion. The result now follows from the inequalities 1 5.7 1, \5.8\ and <|5.9). □ 
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Proposition 5.6. There exist C,c > such that 



sup u(t) < C and inf u(t) > c , for allt>0. 



A I 



M 



(5.10) 



Proof. By the estimate 12.10 1 and the Sobolev's embedding theorems, we can 
choose Ci > such that 



jr. 

Jm 



u(t) ^2 dv g0 < Ci , for all £ > . 
We fix n - 1 < q < p < n. According to Corollary |2.6| there is C2 > such that 
( \H gi t/da g{t) < C 2 , for all t > . 

JdM 



We set yo = y\ q C 2 '' 1 , where y\ is the constant obtained in Proposition 
Proposition 5.5 there is r > such that 



A-2 



By 



do g ( t ) < yo , for all t > 0, x e dM . 



Then 



/ ■ 

JD r (x) 



JD r (x) WD r (x) ) WD r (x) 



Yi ■ 



Hence, the first assertion of 1 5.10) follows from Proposition A-2 and the max- 
imum principle. The second one follows exactly as in the proof of the second 
estimate of ||2.8||. □ 



Now we are able to prove our main theorem. 

Proof of Theorem 1.4 Once we have proved Proposition 5.6 it follows as in IITTI 
p. 642 that all higher order derivatives of u are uniformly bounded. The unique- 



ness of the asymptotic limit of H g (t) follows from Proposition 5.4 



6 Appendix A - Some elliptic estimates 

The next proposition is a modification of the arguments in the proof of Theorems 
8.17 and 8.18 of |2S|. We refer the reader to Lemma 3.2 of (431 and Lemma 3.3 
of 1 42 1 for similar results under boundary conditions. (See also the proof of 
Lemma A.l in [30].) 

Proposition A-l. Let (M,g) be a Riemannian manifold with boundary dM. Let 
q > n - 1 and h e Li(dM) with P||l<i(<?m) ^ A. We fix r > small and for each x e dM 
consider \p x : Bt (0) — > M Fermi coordinates centered at x. Then 
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(a) Ifp > 1, there exists C = C(n,g,p,q,A) such that 

sup u < Cr~'r\\u\\ LP{fAB ^ m + Cr 1_! T ||/|| L , (D4rW) 

•MB r + (o» 

for any x 6 dM, r < r , and < u 6 H : (M), / 6 U{dM) satisfying 

[A<,w>0 ; mM, 



d u + hu> f , on dM. 



(b)Ifl <p < -j^g, fere exzsfs C = C{n,g,p,q,A) such that 

r~h\u\\ LHU Bi(om < C^^u + Cr l ^\\f\\ U{Dir(x)) 

for any x e <9M, r < r , and < u e H : (M), / e U(dM) satisfying 

\A g u < , inM, 



-^-u + hu<f, ondM. 



Remark. Observe that D, (x) = ip x (d'B r (0)), according to our notations (see Sec- 
tion^. 

Proposition A-2. Let (M",go) be a compact Riemannian manifold with boundary 
dM and dimension n > 3. We choose p > small such that for all x e dM we have 
Fermi coordinates ip x : 6^(0) — > M centered at x. For each q > n - 1 and C\ > 0, we 
can find constants y i = y\(n,gQ,q,C\) > OandC = C(n,g ,q) > with the following 
significance: if g = u^go is a conformal metric satisfying 

I dv g < d and I \H g fda g < y\ 
Jm Jd,(x) 

for x 6 dM and < r < p, then we have 

u(x) < Cr'' 1 ^ I dv g \ 

Proof. We will first suppose that C\ = 1. We can assume that for any x e dM 
and Fermi coordinates ip x : 5^(0) — » M we have 

4=|z| < d ?0 (^.(z),x) < V5|z|, for allz e Bi (0) . (A-l) 
V2 

Let r e (0, p) and x e dM be given. We define 

); -2 

/(s) = (r - s)~ sup m o ip x , for s e (0, r] , 

B s + (0) 
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and f(0) = r"i u(x). Then we can choose r$ e [0,r) satisfying /(fo) > f(s) for all 
s e [0,r), and x = (xj, ...,x[j) e K", |x| < r such that 

u o \\) x (x Q ) >uo \p x (z) , for all z e B^" o (0) . 



Let us set x = (xj, x[J \ 0) and choose any < s < r -^ . Let us first assume 
s > 8Xp. It follows from Proposition A-l that there exists C = C(n,go,q) such 
that 



s 2 sup u o l/Y v ( Io ) < C 



+ Cs 



f "" 2 ' : 



go I 



,(0)) 



|2(w-l) du if 



where ^f,( Xo ) '■ ^(0) — » M are Fermi coordinates centered at xp x (xo). By the 
hypothesis I A-l I and the fact that s/8 < x[J, we then have 



S 2 U o Xp x (Xo) < C 



+ Cs 



r ^ 



do 



go 



Using the second equation of ( [2,1) , we conclude that 



S 2 u o lp x (Xo) < C 



Cs' 



J^(B+(«o)) 
^"V i J U »-- 



2(n-l) 



holds whenever 8xjj < s < ^ . 



On the other hand, by a standard interior estimate for linear elliptic equa- 



tions (see [28], Theorem 8.17 on p. 194) if s < 8xjj and s < then there exists 
C = C(n,go) such that 

S^UO iZ'.v(Xo) < C 



By the definitions of r and x we obtain 



SUp U o \p x < sup U O Tp x < 2 2 MO l/> A .(x ) . 

B + ^(0) 



^-, (*o) 
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Hence, there exists K = K(n, go, q) > such that 



s 2 u o \p x {x ) < K 



/ 

JxbJBtO 



dVr 



(A-2) 



■4^"° *m*o))" 



2(ii-D 1 

-2 „-2 , 



/ 



for allO <s < ^a. 



Now we choose y\ = y\{n, go, <?) > such that 



(2K)>.-2- „-2 Jy? < 



and claim that 



r-ro 



n-2 

^ 2 UO lp x (x ) 



< 2K 



(A-3) 



(A-4) 



n-l 

if J M dv g < 1 and J D \H g \Ua g < y\. Indeed, if (^) 2 wo i/^.(x ) > 2K, then 

I I 2 

we can use the inequality I A-2 1 with s = ( ^f^y )" " 2 < to conclude that 

_n 2(,|-1) 1 1 

2K < K + K(2K) "- 2 "- 1 i y'\ , c ontradicting our choice of y\ . 

~2 



Using the estimate I A-2 i with s = '-^ and the inequality I A-4 1 we can see 



that 



( r —^) 2 uo^ x {xo)<k( f d; 

1 „ 2(11-1) i i / f — r n \ V 
+ -{2K)-—-<y[ J u o ^(x ) • 



Hence, by I A-3 1, 



r-ro 



) 2 u o i/^xo) < 2K( f da i 



This implies 



f 2 w(x) < (r - To) 2 uo \\) x (xo) < 2 2 X 



f d J • 



proving the case Ci = 1. 

Next we will turn attention to the case Ci > 1. Let yi be the constant obtained 

dv g < C\, we choose A = C 1 2 " and set g = A^g = (Am)*- 2 go- Then 

ti-i-i; 

J M dv s < 1 and we have J^ M |H^|«d(T| < y\ whenever \H g \Ua g < y 1 C 1 " . 
In that case, we just have proved above that 



Au(x) < Cr 



\Jtl> x (B*(P)) 



dvg 
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which is equivalent to 



HI 



u(x) <Cr 2(1 dv g 

m) 



by scaling. This finishes the proof. □ 

The next proposition can be proved adapting the arguments on the proof of 
Proposition A. 2 of I1T21 , using Proposition A-l| Jb) and interior Harnack estimates 
for elliptic linear equations (see [28], Theorem 8.18). 

Proposition A-3. Suppose u > satisfies 

(-A go u>0, inM, 
\—^-u + Pu>0, ondM, 

where P e C°°(dM). Then there exists C = C(M,g ,P) such that 

I udv„ n < C inf u . 
Jm m 



f 

Jm 



::-2 
:-2 



In particular, 

u «^ dv g0 < C inf u | sup u 
Proposition A-4. Suppose u > satisfies 

j-A ?0 w<0, inM, 
\-^u + Pu <0, ondM, 

where P e U(dM) and q > n - 1. Then there exists C = C(M,go,q,\\P\\Li(dM)) suc h 
that 



sup u < C I u »- 2 dv g0 
M \Jm 



Proof. The assertion follows from Proposition A-l a) and the fact that M is 
compact. □ 



7 Appendix B - Construction of the Green function 

In this section we prove the existence of the Green function used in this article 
and some of its properties. The construction performed here is similar to the 
ones in p.106 of Q and p.201 of EH. 
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Lemma B-l. Let (M,g) be a compact Riemannian manifold of dimension n > 2. Let 
aeK and u : M\{x] — > ]R be a function satisfying 



\u(y)\ < C d g (x, yf , \V g u(y)\ g < C d g (x, yf~ x , 

for any x + y e M. Then for any < 6 < 1 there exists C\ = C\{M, n,g, C , a) such 
that 

\u(y) - u(z)\ < C,d g {y,z) e {d g {x,y) a - B + d g (x,z) a - e ) 
for any y, z e M, y + x + z. 
Proof. Let y + x and z + x. 

1st case: d g (y,z) < \d g (x,y). Let y : [0, 1] — > M be a smooth curve such that 
y(0) = y, y(l) = z, and £ \y'(t)\ g dt < \d g {y,z). 

Claim. We have 

1 7 

^d g (x,y) < d g (y(t),x) < -d g (x,y) . 

Proof of the claim. Since d g (y,y(t)) < \d g {y,z) < \d g (x, y), we have 

3 1 

d g {x,y{t)) > d g {x,y) - d g {y{t),y) > d g {x,y) - ^d g (x,y) = ^d g (x,y) 
Moreover, 

3 7 
d g (y(t),x) < d g {y{t),y)+d g {y,x) < -d g {x,y) + d g {x,y) = -d g {x,y) 

which proves the claim. 

We write «(z) - u{y) = J Q gCV ' g u{y{t)),y' '(£)) dt by the fundamental theorem 
of calculus. Thus 

T 1 3 
\u(y) - u(z)\ < sup \V g u(y(t))\ g \y'(t)\ g dt < C sup d g {y{t),x) a - 1 -d g {y,z) 

te[0,l] Jo (€[0,1] 

< CCa^^yr^^C^z) < C(a)d,(x,y) a - e d,(y,z) e 
2nd case: d g (y,z) > \d g {x, y). In this case we have 

My) - «(z)| < |w(y)| + |k(z)| < Cd g (y,x) a + Cd g {z,x) a 

< Cd g {y,xf- e d g {z,y) + C^(z,x) a - e (d,(x,y) + ^(y,z)) e 

< Cd g (y,z) e {d g (x,y) a - e + d g {x,z) a - e ) . 

This proves the lemma. □ 
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Notation. In what follows (M,g) will denote a compact Riemannian manifold with 
boundary dM, dimension n>3 and Sobolev quotient Q{M, dM) positive. We denote by 
L g the conformal Laplacian A g - 4 " n ~ 2 1) _R g - / and by B g the boundary conformal operator 

-=r — ttt — ~r;Hg, where n„ is the inward unit normal vector to dM. 
dj] g 2(n-l) g lk 

Let us fix x e dM and assume there exist C = C(M, n, g) and N > 1 such that 

H g (y) < Cd g (x , yf , for all yedM. (B-l) 

We are going to construct a Green function G Xo with singularity at x . 

Proposition B-2. Under the above conditions, if N is sufficiently large then there 
exists < G Xo e C°°(M\{x }) satisfying 

<P(x ) = - f G Xa {y)L g( p{y)dVg{y) - f G Xo (y)Bg<p(y)d0g(y) (B-2) 

JM JdM 

for any <p e C 2 (M). Moreover, the following properties hold: 

(PI) There exists C = C(M,n,g) such that for any y e M, y i= x , 

\G Xo (y)\ < Cd g (x , y) 2 ~" , \V g G Xo (y)\ g < Cd g (x , y) l ~ n . 

(P2) Consider Fermi coordinates y = (y\, y n ) centered at x . In those coordinates, 
let us write g a t = exp(h a b) where h a b, a, b = 1, n, is a symmetric 2-tensor of the form 



h lj {y) = Y j h lha y a + 0{\y\ d+l ), 



\a\=\ 



for i, j = 1, n - 1, and h an = Ofor a = 1, n. Here, d = [^]- Then there exists 
C = C(M, n, g) such that 

G *o(y) " 7Z -9 J * C E E \ h ^a\d g (x , yp +2 ~" + Cd g (x 0/ y) d+3 "" , (B-3) 



a,b=l \a\=\ 



\^s( G ^y) ~ 7Z '^l" )1 ^ C E E Mdgixo, yp +1 ~ n + Cdg(x , y) d+2 ~ n . 

a,b=l \a\=l 

Proof. Firstly, we are going to define an appropriate coordinate system for 
points near the boundary. Let us set d x = d(x, dM) for x e M and 

M p = {x e M; d x < p] , for p > . 

We choose p > small such that the function 

M 2po ^ dM 
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is well defined and smooth, where x is defined by d(x,x) = d(x,dM). Then 
d t M = {x e M; d x = t] is a smooth embedded (n - l)-submanifold of M for any 
< t < 2p . For each x e M po we set 

M 2po -» d dx M 

y ^ yx, 

where y x is defined by d(y, y x ) = d(y, d dx M). 

For any x e M po we define the local coordinate system ip x (y) = (yi, y n ) on 
M-2 Po , where y n = d y and {y\, ...,y n -\) are normal coordinates of y x centered at 
x, with respect to the submanifold d dx M . Then (x, y) i-» ip x (y) is locally defined 
and smooth. 

Observe that ip x (x) = (0, ...,0,d x ) for any x e M po and ip x are Fermi coordi- 
nates for any x £ dM. Moreover, g m = b an and g a b{x) = b a \,, a,b = l,...,n, in 

the coordinates ip x (y) = (yi,...,y„). It is also clear that dip' 1 ^- — ) is the nor- 

oy n 

mal unit vector on dM. Choosing p possibly smaller, we can assume that 
= (yi,-,y«) is defined for < y„ < 2p and |(yi,...,y„-i)| < p , for any 
xe M po . 

Letx : R+ — » [0,1] be a smooth cutoff function satisfying x(t) = lforf < po/2 
and x(f) = for t > p . For each x e M po we set 

1 

7<i(x,y) = x(2y«)x(l(yi,.-vyn-i)l) 

• {l(yi, .», y n -i, y« - d*)l 2 ~" + Kyi, y«-i, y n + d*)l 2 ~"} 

where we are using the coordinates ip x (y) = (yi, y„). Observe that 

" d 2 

-^YHi(x,y) = 0, for |(yi,...,y„-i)| < p /2, < y„ < p , x + y. 

Moreover, -^— ( Hi{x, y) = if y e c?M, x £ y. 
For each x e M\M Po /2 we set 

y) = x(4^(y,x))d g (y,x) 2 -" if < d g {y,x) < p /4 . 

and otherwise. We can assume that po/4 is smaller than the injectivity radius 
of (M, g). If we express y i-» ^^{x, y) in normal coordinates (yi, y„) centered 
at x, we have *W 2 (x, y) = x(4|(yi, y n )|)|(yi, y«)l 2 "" and thus 

" d 2 

~Ti H2 ^ x ' y) = ' for < d g {y,x) < p /8 . 

We now define 9-1 : Mx M\D M — > R by the expression 

= f„ L X(d x yH x {x,y) + zr4 (I - x(d x ))9i 2 (x,y) . 

(n - 2)cj„_i (n - 2)a„_i 
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Here, D M = {(x,x) eMxM; x e M}. Thus ^(x, y) = ^(x, y) if x e M Po / 2 and 

T^x, y) = "Hz^x, y) if x e M\M po Observe that -^—'H(x, y) = if y e dM, y + x. 

Expressing y i-» 1-i\{x,y) and y i-> < Hi{x,y) in their respective coordinate 
systems (as described above) one can check that there exists C = C(M, g, n) such 
that 

\L s , y <H{x,y)\<Cd g {x,y) 1 -" . 
For any 6 C 2 (M) and any ieM we have 



x)= f (& s , y <H{x, y)<p(y) - <H{x, y)A g( p(y))dv g (y) 
Jm 



f 1~((x,y)^-(p(y)d0 g (y), 

JdM dr lg 



(B-4) 



since this expression holds for („_ 2 ) ff \ H\ when x e M po , and for (,.,_ 2 1 ) - 
when x 6 M\M po /2. In particular, A distr/y 'H(x, y) = A giy ( H{x, y) - S v . 
We define ^ :Mx M\D M -» K inductively by setting 



ri(x,y) = L g/ y<H(x,y) 



and 



IWx. 



, y) = I r fc (x, 
Jm 



z)r!(z,y)di7„(z). 



According to Proposition 4.12 on p. 108 of [7J, which is a result due to Giraud 
(L29J, p.50), we have 



\T k (x,y)\< 



Cd g (x,yf- n , iik<n, 
C(l + |logdg(x, y)\), \ik = n, 
C, i£k>n, 



(B-5) 



for some C = C(M, g, n). Moreover, 1^ is continuous on M x M for k > n and on 
M x M\D M for k < n. 



We are now going to refine the estimate I B-5 1 around the point xq e dM 
using the expansion g a \, = exp(h„t). One can see that 



n d 



\L giy <H{x Q ,y)\ < C £ Yj \Kb A \d g {x ,yp-« + Cd g (x , y) d+1 "" 

a,b=l \a\=l 

since *H{x, y) = 'H^x, y) for x 6 5M. Giraud's result then implies 



n 



\T k (x , y)\ < C 2^ 2^ \h ab Jd g (x 0/ y)*=- 1+ l*l-» + d ? (x , y) k+d - n , iik<n-d. (B-6) 



fl ,b=l \ a \=\ 



Claim 1. Given < 6 < 1 there exists C = C(M,g,n, 6) such that 

|r„+i(x,y) -r„+i(x,y')| < Cd g (y,y'f , for any y * x + y' . (B-7) 
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In particular, T n+1 (x ,-) £ C°' 9 (M). 
Proof of Claim 1. We first observe that 

\T x {x, y) - Tt(x, y')\ < Cd g {y, y') e {d g {x, y) 1 " -" + d g (x, y') 1 " 9 "") , 



according to Lemma B-l Then the claim follows from the estimates | |B-5) and 
Giraud's result. 



Let us set 



k „ 

F k (x,y)=<H(x,y) + Y Tj(x r z)<H{z, y)dv g {z) . 



+ 



The next claim can be proved by induction on k. 
Claim 2. For any <p e C 2 (M) and any x e M, 

(p(x)=- I F k (x,y)L g( p(y)dv g (y) - I F k (x,y)B g (p(y)da g (y) (B-8) 

[ T k+1 (x,y)(p(y)dv g (y)- \ — ^-H g (y)F k (x, y)<p(y)do g (y) 

for all A: = 1,2,.... 

Claim 3. For any x e M and < 9 < 1, y \-> F n (x, y) is in C 1/0 (M\{x}) and satisfies 

\F n (x, y)\ < Cd g (x, y) 2 "" , \V g , y F n (x, y)\ g < Cd g (x, y) 1 "" , (B-9) 

|V ? v F„(x, y) - Vrr y'FJx, y')\„ 

d\yyr ~ Cds(X ' V) + Cdg[X ' ^ ' (B " 10) 

Here, C = C(M,g,n) and C = C'(M,g,n,6). In particular, y i-> F n (x, y) 

exists and is continuous in dM\{x] for any x e dM. 

As a consequence of Claim 3 we can choose N large enough such that 
y h> H g (y)F n (x , y) is in C 1,e {dM) for < 6 < 1 and satisfies 

\\H g (-)F„(x , Ollcw ( aM) < C(M, g, n, 0) . (B-ll) 

Proof o/ Claim 3. We first choose y + x, and let yt be a smooth curve such that 
yo = y. Then 

- f Tj(x,zyH{z,y t )dv g {z)= \ I j (x,z)-r- < H(z,y t )dv g {z) 

at JM\B r (y) JM\B r (y) at 

1 dJx, y t ) 3 

for any r > 0. We choose fo = fo( x / y) > such that - < — — < - for all 

z d g (x, y) 1 

t e[0,f ). 
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For any r > such that 2r < d g (x, y) and t 6 (0, to) we have 
«W(z,y f )-W(z,y) 



f r y (x, 

Ju r (y) 



Z) 



f 



dv g (z) 



< C 



f d g (x,z) l -"(d g (z, yt f-» + d g (z, y) l ~ n )dv g {z) 
Jbav) 

{d g {z,y t f-"+d g {z,y) l - n )dv g {z) 



•Ay) 

< C2"- l d g {x,y) 



BAy) 



< C2"- 1 (2"" 1 + l)d 

and the rhs goes to as r — » 0. 
Hence, 



^y) 1 "" f d g {z,yf- n dv g {z), 
JBAy) 



j t JT r ; (x, z)W(z, y f )d^(z) = £ r y (x, z) |<H(z, y f )^(z) (B-12) 



and the estimates in I B-9 1 follow from Giraud's result. 
Now, 



d g {y,y') e 



f Tj{x,z)j-<H{z,y)dv g {z)- f Y } {x,z)^-<H(z,y')dv g {z) 
Jm °yi Jm °yi 

r £ i <H{z,y)-±< H{Zry > ) 
Jm d g (y,y') e 

<C f d ? fez) 1 -"(^(z,y) 1 - -" + ^(z,y') 1 -^ n )^(z) 
Jm 



< C(M,g,n,0)(d,(x,y) 2 - -" +d s (x,y') / - H -") 



j\2-e-n\ 



where we used Lemma B-l in the second inequality, and Giraud's result in the 
last one. 

This proves Claim 3. 



We define u Xo e C 2,e (M) to be the unique solution of 



M*o(y) = -r«+i(x ,y), 



inM, 

I B gWx„(y) = 20r) H g(y) F n(x o , y) , on dM , 



(B-13) 



which satisfies 

ll M x llc 2 ' 8 (M) ^ C||m Xo || C o (M ) + C||r„ + i(xo, Ollc^M) + Q\H g (-)F„{xo, -)\\o> e (dM) i (B-14) 

where C = C(M, g, n, d). (See Theorems 6.30 and 6.31 on pp.127-128 of fl28l- See 
also Theorem 7.3 on p.668 of [1J.) The existence and uniqueness of u Xo is due to 
the hypothesis Q(M,dM) > 0. 



70 



Claim 4. There exists C = C(M, g, n, 6) such that ||Mx IIc 2 < 8 (M) ^ C. 

Proof of Claim 4. Using the formula |B-8 1 with A: = n and any e C 2 (M), one can 
see that 

sup |0| < Csup |L S 0| + Csup \B g cp\ + C\\(p\\ L 2 m + C\\(p\\ L 2 {dM) . 

MM dM 

Since Q(M,dM) > 0, there exists C = C(M,g,n) such that 

( (p 2 dv g + \ cp 2 da g < C ( \L g ((p)(p\dv g + C ( |B 5 (0)0|d0 ? . 

JM JdM JM L JdM 

Thus, the Young's inequality implies 

| cp 2 dv g + | <p 2 da g < C | L g ((p) 2 dv g + C J B s (0) 2 da g . 

JM " J<9M " Jm JdM 

Hence, 

||0Hc<>CM) ^ C||L^|| c o (M) + C\\B g (p\\ c o {dM) . 
Setting cp = u Xo and using the equations [ B-13) we see that 



ll"x„llc"(M) ^ C\\T n+1 (x , -)llco(At) + C||H ? (-)F„(x , OIIc^m) • (B-15) 



Now the Claim 4 follows from the estimates flE^ , fB£|, |B^TTJ, | [B-14) and 
( |B45) . 

We define the function G Xo e C 1 ' (M\{x o } by 

n „ 

G Xo (y) = H( x o, y) + Y, I r <(*o, z)*H(z, y)^(z) + % (y) • 

One can check that the formula | |B-2| holds. 

C/flfm 5. The function Gj; is in C°°(M\{xo}) and satisfies 

jL,G„=0, inM\{x }, 
}B^G. Yo =0, on^M\(x }. 



Proof of Claim 5. In order to prove Claim 5 we rewrite the formula | |B-4| as 

f 'H(x,y)L g <p(y)dv g (y) + f <H{x,y)B g $(y)dG g {y) (B-17) 
Jm J<?m 

= I Lg,yH{x,y)${y)dv g {y) 
Jm 

f ^^My)mx,ymy)do g {y). 

JdM A" ~~ 1 ) 
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Jm (Jm 



Thus, 

, z)-H(z, y)dv g (z)*j L g( p(y)dv g (y) 

,z)<H{z, y)dv g (z)\ B g (p(y)do g (y) 

= f Tj(x r z)\[ K(z,y)L g( p(y)dv g {y)+ f <H(z,y)B g( p(y)da g (y)\dv g ( 
Jm (Jm Jsm ) 

= I Tj(x,z) J L giy f H(z,y)(p(y)dv g (y)dv g (z) 
Jm Jm 

-f Tj(x,z){[ ^f\H g (y)'H(z,y)(t>(y)da g (y) + ( p(z)\dv g (z) 
Jm (JdM z \ n - J-J J 

= I \ I Tj(x,z)L g , y <H(z,y)dv g (z)-Tj(x,y)\(p(y)dv g (y) 
Jm (Jm ) 

-f If T^zmz^dvgiz^^^-Hgiy^dagiy) (B-18) 
Jsm [Jm ) L \ n ~~ 1 ) 

where we used I B-17} in the second equality. Hence we have proved that the 
equations 

\ L s,y Jm r /( x ' Z ) <W ( Z ' y) dv g( z ) = T i+i( x > y) - r,-(*, y), in M , 

\B gAJ j M Tj(x, zYH(z, y)dv g {z) = - ^H g (y) J M Tfa z)<H(z, y)dv g {z) , ondM, 



hold in the sense of distributions. Then it is easy to check that the equations I B- 
16 1 hold in the sense of distributions. Since G Xo 6 C 1,0 (M\{x o }), elliptic regularity 



arguments imply that G Xo e C°°(M\{x }). This proves Claim 5. 



The property (PI) follows from the formula |B-9 1 and Claim 4. In order to 
prove (P2) we use dgg), dB^6b, dB42) and Claim 4. 



Claim 6. The function G Xo is positive on M\{xo). 
Proof of Claim 6. Let 

-G Xo , if G Xo < , 



G x = 



10, ifG* >0. 
Since G Xo has support in M\{xq], one has 



= - | G rn L v G x „dv v - G x B g G Xo da 

IdM 



I G Xo L g G Xo dv g - \ 
Jm Jbn 

By the hypothesis Q(M, <9M) > 0, we have G~ = which implies G Xo > 0. 
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We now change the metric by a conformal factor < u e C°°(M) such that 
g = u^=2g satisfies Rg > in M and Hg = on c?M (see ESI ). Observing the 
conformal properties 1 2.2 1 and 1 2.3 \, we see that G = u~ l G Xo > satisfies LgG = 
inM\{x } and BgG = on <9M\{x }. The strong maximum principle then implies 
G > 0, proving Claim 6. 

This finishes the proof of Proposition |B-2| □ 

Let us set D M = {(x,x) e M x M; x e M}. Now we want to extend the 
Green function G Xa : M\{xol obtained in Proposition B-2 to a function 

on M x M\Dm- So, in order to define G Xo for all points Xq e M, we change 
conformally the metric in such a way that H g = on dM and _R ? > in M (see 
EH). 

Proposition B-3. T/zere exists a positive continuous function G : M x M\Dm — > K 
satisfying 

<p(x) = - f G(x, y )L g( p( y )dVg( y )- f G{x,y)Bg<p{y)dOg{y) (B-19) 

/or any (/) e C 2 (M) and any x e M. Moreover, the following properties hold: 

(PI) For any x,y 6 M, x + y, G(x, y) = G(y,x) and G(x, y) > 0. 

(P2) For each x e M, y ^> G{x,y) e C°°(M\!x}), and fere exist C = C(M,g,n) 
such that 

\G(x, y)\ < Cd g (x, yf- n , \V g , v G(x, y)\ g < Cd g (x, y) 1 "" , 
for any x,y 6 M, x ^ y. 

Remark. A conformal change of the metric does not affect the result of this 
proposition. More precisely if we obtain G(x,y) as a bove , then G(x, y) = 

when we replace 



B-3 



v(x) l v(y) 1 G(x, y) satisfies the conclusions of Proposition ] 
the metric g by g - v^g. Here, < v e C°°(M). The formula |B-19l in this case 
is clear when we use the conformal properties ||2.2| and ||2.3} 



Proof. Since H g = on dM, the hypothesis I B-l i is satisfied for any point 
x = Xq e dM. Moreover, the construction in Proposition B-2 can be performed 
for any other x e M\dM, since we can always solve the equations < B-13) using 
the fact that Rg > in M. Then we define G{x, y) = G x (y) and the formula | |B-19| 
follows from I B-2 1. 

Here, we will follow the notations of the proof of Proposition |B-2| and set 
u{x,y) = u x {y). 

As in the estimate I B-15| , we have 



\\ u x - u x'\\c(M) - C||r„ + i(x, •) - T n+ i(x , -)llc°(M) 
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Using Claim 4, we obtain 

\u{x,y) - u{x',y')\ < \u x {y) - u x ,{y)\ + \u x ,(y) - u x ,(y')\ 

< \\Ux - Mlc°(M) + Csup \V g u x ,{y)\gd g {y,y') 

yeM 

< C||r„ +1 (x, ■) - T n+1 (x', -)\\<y m + Cd s (y, y') , 

where the right hand side goes to zero as (x, y) — > (x',y') because (x, y) i-> 
r„+i(x, y) is continuous. Hence we see that (x, y) i-» u(x, y) is continuous. From 
this we conclude that G is continuous on M x M\Dm- 

Claim 7. For any x + y we have G(x, y) = G(y,x). 

Proof of Claim 7. Given < /i,/2 6 C^°(M\<9M) we choose (pi and c^2 satisfying 

(L g (p 1 =f 1/ inM, 

|B g </)i=0, on<9M, 

and 

YLg4>z=fz l inM, 

1 B ? </) 2 = , on dM . 

Then, by the formula ( B-19) and Tonneli's theorem, 

G{x,y)L g (pi{y)Lg(p 2 {x)dVg{y)dVg{x) 

= ~ I (pi(x)Lg(p 2 (x)dvg{x) = - I L g (p l (y)(p2(y)dvg(y) 
Jm Jm 

G(y,x)Lg(p 1 (y)L g( p2(x)dVg(x)dVg(y) . (B-20) 



Lb 

Jm Jm 



I! 

Jm Jm 



Jm Jm 
Thus, 

n(G(x,y) - G{y,x))f 1 {y)f 2 (x)dv g (y)dvg(x) = 0. 
. . _.i 

Then we see that G(x, y) = G(y,x) for all x, y 6 M\dM, with x + y. Since 
(x, y) i-» G(x, y) - G(y, x) is continuous onMxM\D M and vanishes on {(M\<?M) x 
(M\dM)}\DM, we see that G(x, y) = G(y,x) for all x, y e M, with x + y. This 
proves Claim 7. 

The property (P2) is the property (PI) of Proposition B-2 concluding the 
proof of Proposition B-3 □ 



Corollary B-4. LetG : MxM\D M — » IRbe the Green function obtained in Proposition 
B^3] I/O < a < 1, ffren 



T(/)(x)= f G(x,y)/(y)d%) 

J<9M 



defines a continuous linear map T : L 1 (<9M) — » W a,1 (dM). Here W a ' 1 (dM) denotes 
the fractional Sobolev space. 
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Proof. Since 

\T(f)(x)\<C f d g (x,y) 2 -"\f(y)\do g (y) 

JdM 

we have \\T(f)\\ D{dM) < C\\f\\ D{SM) for some C = C(M,n,g). Moreover, 

T(f)(x) - T(f)(x') _ C G(x,y)-G{x',y) 
d g (x,xT- 1+a " JdM d g (x,xT- 1+a maag{yh 



Let e (a, 1). By Lemma B-l and (P2) of Proposition B-3 we have 



\G(x,y) - G(x, y')\ 



< Cd g (x,yf- e -" + Cd g (x, y') 



Then 

\G(x,y) - G(x',y)\ \G{y,x) - G(y,x')\ 



>\2-e-n 



d g (x,x') 9 



< Cd g (y,x) 2 - e -" + Cd g (y,x') 2 - e - n . 



Hence, 



II 

JJdi 



\T(f)(x) - T(f)(x') 



dM u g 



doJx.x') 
d g {x,x') n ~ l+a gK ' 



< C fff d,(x,x') e - ff -" +1 (d,(x,y) 2 - 9 -" + d,(x',y) 2 - -")|/(y)|dcT,(x,x',y) 

J J JdM 

f If d g (x',y) 2 - a -"dv g (x'))\f(y)\da g (y) 

JdM (JdM ) 



< c 

+ cf (f d g (x,y) 2 -"-dv g (x)\\f(y)\da g 

JdM \JdM ) 

< C(M,n,g,a)\\f\\ LHdM) . 
This finishes the proof. 



(>/) 



8 Appendix C - The asymptotic behavior of Palais- 
Smale sequences 

Let (M",g) be a compact Riemannian manifold with boundary dM and dimen- 
sion n > 3. In this appendix we consider the following family of equations 

|A ? m=0, inM, 

I n (C-l) 

1 -^-u - h v u + u^z = 0, on<?M, veN, 
and their associated functionals 

? g (u) = l \ \du\ 2 dv g + \ \ h v u 2 do g - \ \uf^da g , veN, 

L Jm l JdM A" _ L ) JdM 

for u e H l (M). Here, {/z v } v eN is a sequence of functions in C°°(dM). 
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Definition C-l. We say that {« v }veN c H l {M) is a Palais-Smale sequence for {P ? } if 

(i) {IJ(m v )} v6 n is bounded; and 

(ii) dl l g (u v ) — > strongly in H l {M)' as v — » oo. 

In this section we describe the asymptotic behavior of Palais-Smale se- 
quences for {jp. We show that, as v — » oo and /z v — > /zoo each Palais-Smale 
sequence {w v > 0} ve N is H 1 (M)-asymptotic to a nonnegative solution of the limit 
equations 

\A g u = 0, inM, 

I 3^7" - h<x>u + ""^ = 0, ondM, ^ 

plus a finite number of "bubbles" obtained by rescaling fundamental positive 
solutions of the Euclidean equations 

| Am = , in R* , 

|^-u + w^2=0, on^. (C " 3) 

Since, to the best of the author's knowledge, there is no such result in the 
literature for the type of equations we are working with, we provide a proof 
here. 

Our result is inspired by Struwe's theorem in [44] for equations of the type 
Au + Au + \u\^u = on Euclidean domains. We refer the reader to the Chapter 3 
of Druet-Hebey-Robert's book |22J for a version of Struwe's theorem on closed 
Riemannian manifolds, and to 1151 116 35] for similar equations with boundary 
conditions. 

We now begin to state our theorem more precisely. 

Convention. We assume that there is some e C°°(dM) and C > such that 
h v -> he*, in L 2 (dM) as v -> oo and |/i v (x)| < C for all x 6 dM, v 6 N. This 
obviously implies that h v — » hco in U{dM) as v — » oo, for any p > 1. 

We define the Sobolev's space D J (R") as the completion of C^(K") with 
respect to the norm 

IMb 1 ^) - 

It follows from a Liouville-type theorem established by Li and Zhu in 1311 
(see also [24] and [19]) that any nonnegative solution in D : (]R") to the equations 
\C-3\ is of the form 




or is identically zero (see the remark concerning regularity in the proof of 
Theorem C-2 1. According to independent works by Escobar (|23|) and Beckner 
(|9|) we have the sharp Euclidean Sobolev's inequality 

If \u{y)f^dyY <K 2 n f \du{yfdy, (C-5) 
\Jdm I Jtr'i 
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for u 6 D : (]R"), which has the family |C-4 as extremal functions. Here, K n = 

in — 2\~i 1 — 

a ^j'" 1 ' , where a n -\ is the area of the unit (n — l)-sphere in W. Up to 



a multiplicative nonzero constant, the functions defined by I C-4) are the only 
nontrivial extremal ones for the inequality l C-5) . 

We define the functional by the same expression of F g with h v = /!,*, for all 
v, and state our theorem as follows: 

Theorem C-2. Let (M n ,g) be a compact Riemannian manifold with boundary dM 
and dimension n > 3. Suppose \u v > 0} v€ k is a Palais-Smale sequence for {I v g \. 

Then there exist m e N, sequences \R[, > 0} ve ]N and {Xy} v &i c dMfor j = l,...,m, 
a nonnegative solution u° e H l (M) of (C-2) and nontrivial nonegative solutions 
W = llei/ii e D X (]R") o/(C-3l satisfying, up to a subsequence, 
(i) R[, — > oo as v — » co, for j = 1, wz; 
(zz) x( converges as v — » oo,for j = 1,..., m; 



(Hi) 



u v - 



u a -Lj =1 riiu 



— > as v — » oo, z^fere 



i4W = (Ri)^U^-}(*)) /or x e B+(0) , 
for each j = 1, ...,m. Here, f"o > zs szrazZ/, 

are Ferrm coordinates centered at x\ e dM, rf v are smooth cutoff functions such that 

4 = 1 tn Vv,;(B+ (0)), and jjj = zYz M\i/> v , ; -(B+ o (0)). 
Moreover, 



7> V )-^( M )- 



;zz 



and we can assume that for all i + j 



-2(n-l) 



as v ^ oo 



K 
Rl 



Rl 



+ ^+RlRld g (xi,x{,) 2 



oo asv 



(C-6) 



Remark. We point out that relations of the type I C-6) were previously obtained 
inEHSI. 

The rest of this section is devoted to the proof of Theorem C-2 which will 
be performed in several lemmas. Our presentation will follow the same steps 
of the Chapter 3 of 1 22] with the necessary modifications. 

Lemma C-3. Let {u v } be a Palais-Smale sequence for {F g }. Then there exists C > 
such that ||tz v || H i( M ) < Cfor all v. 

Proof. It sufficies to prove that ||rfi/ v || L 2( M ) and ||MvIIl 2 (<?m) are uniformly bounded. 
Hence the proof follows the same arguments of 1221 . p.27. □ 
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If we define I g by I g = F with h v = for all v, then we have: 

Lemma C-4. Let {u v >0}bea Palais-Smale sequence for {1^} such that u v — >■ u° > 
in H^M) and set u v = u v - u°. Then \u v \ is a Palais-Smale sequence for \l g \ and 
satisfies 

IM v )-FJu v ) + r?(u°)^0 asv^™. (C-7) 



Moreover, u° is a (weak) solution of(C-2 



Proof. First observe that u v — k u° in H l (M) implies that u v — » w° in L^(dM) and 
a.e. in <9M. Using the facts that dFJu v )(p for any cp e C°°(M) and h v -» h m 
in LP(dM) for any p > 1, it is not difficult to see that the last assertion of Lemma 
Ofollows. 

In order to prove I C-7} , we first observe that 



F g {u v )=l g {u v )+i;{u )-^-^- f v da g + o(l), 

V* *■) JdM 



2(n— 1) 2(u— 1} 2{/i— 1) 

where O v = l«v + u°\^~ - Iw,,! - ^ - Im ! - ^-, and o(l) — » as v — > oo. Then I C-7 
follows from the fact that there exists C > such that 

I O v da ? < C I |w v |^|M |rfff g + C I |w |^2|w v |da g/ for all v, 

JdM JdM JdM 

and, by basic integration theory, the right hand side of this last inequality goes 
to as v — > oo. 

Now we are going to prove that {u v } is a Palais-Smale sequence for I g . Let 
(p e C°°(M). Observe that 



I h v u v cpda g - I hooU v (pc 

JdM " JdM 

by Holder's inequality. Then, by the Sobolev embedding theorem, 
I h v u v cpda g = I h^cbdog + o(\\(p\\ H i m ) 

JdM " JdM 

from which follows that 

dF g (u v )(p = dl g (u v )(p - I \p v (pdo-g + o(||0|| H i (M) ) , 

where t[> v = \u v + u°\ A(j} v + «°) - \u v \iiiu v - \u°\^u°. 
Next we observe that there exists C > such that 

f 1^1^ <C f |fl y |A||M°|^|do' y + C f |u°| ^ Hflvl^ldo-y, for all v, 

JdM JdM JdM 



(C-8) 
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and use Holder's inequality and basic integration theory to obtain 

\ip v (p\da g < \ \\\u v \^u°\\ ij^-n + |||w°|Aw v || ^ f H0II w 

J dM T s (" "L « (dM) 11 n L <• (dM)) L n-2 (dM) 



= o(\\(p\\ 2,,,-D ) . 
\" T " L ^(dM)J 



Then we can use this identity and the Sobolev embedding theorem in I C-8 1 to 
conclude that 

dP g (u v )(p = dl g (u v )(p + o(||0|| H i (M) ) , 
finishing the proof. □ 
Lemma C-5. Let {/J v } V eN be a Palais-Smale sequence for I g such that u v — * in H 1 (M) 

K -2(n-l) 

and I g (u v ) — > /3 as v — » ooybr some /3 < ^r- Tfen u v — > in H^M) as v — > oo. 

Proof. Since 

I IdwJ 2 ^- I l^l^da^ = dl g (l2 v ) ■ u v = o(||fl v || H i (M) ) 

JM JdM 



and {||u v ||hi(m)} is uniformly bounded due to Lemma C-3 we can see that 

p + o(l)=I g (u v ) = — i — f |M v |^da, + o(l) (C-9) 

A n _ J-J JdM 

which already implies fi > 0. On the other hand, there exists B = B(M,g) > 
such that 

n-2 

( I |!2 v |^rf(T s ) <Kl I |dflv||d^ + B I |w v | 2 dcr 5/ 

\JdM ) Jm JdM 

as proved by Li and Zhu in J32J . Since H 1 (M) is compactly embedded in L 2 (dM), 
we have ||MvIIl 2 (<9m) ~> 0- Then we obtain 

(2(n - I)j8 + o(l))^ < 2(n - l)K,*j8 + o(l) 



from which we conclude that either 

i) 

< iS + o(l) 



r -2(«-l) 



2(n - 1) 

or jS = 0. Hence, our hypotheses imply jS = 0, which using I C-9} finishes the 
proof. □ 
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Let us define the functional 

_. . 1 C ,, . n — 2 r , . , 2("-i) , 

E(«) = - \du(y)\ z dy - \u(y)\ ~* dy 

z Jrj A" _ J,?R!; 

£-2(«-l) 

for u e D 1 (R" + ) and observe that E(U e , a ) = ^ — for any a E W 1 , e > 0. 

Lemma C-6. Let {u v } v€ f^beaPalais-SmalesequenceforI g . Suppose u v 0inH l {M) 
but not strongly. Then there exist a sequence \R V > 0} ve isf, R v — > oo, a convergent 
sequence {x v } ve N c dM and a nontrivial solution u e D : (R") of 



(C-10) 



J Au = , in R" , 

j^M - \u\A u = 0, ondR'J 

such that, up to a subsequence, the following holds: If 

v v {x) = u v {x) - r} v {x)fQ r u{R v \l>~]{x)) 

then {^vIveN is a Palais-Smale sequence for I g satisfying v v — * in H : (M) and 

lim \l g {u v ) - Uv v )\ = E{u) . 

Here, xp Xv : B£ (0) c R" — > M are Fenra coordinates centered at x v and rj v (x) is a 
smooth cutoff function such that r\ v = \ in 1/^(5+ (0)) and rj v = m MVj/^BJ. (0)). 

Proof. By the density of C°°(M) in H : (M) we can assume that w v 6 C°°(M). We 
can also assume that ^(Wv) — » ]3 as v — » oo and, since dl g (u v ) — > in H 1 (M)', we 
obtain 

lim f |w v |^dcT„ = 2(n-l) J 8>K,: 2( "" 1) 



as in the proof of Lemma C-5 Hence, given to > small we can choose xn e dM 
and A > such that 



f 

Jd,, 



2(n-l) 

|u„| "-2 do> > An 



'D» (*o) 

up to a subsequence. Now we set 



P 2(n- 

: \u v \- 

Jd,(x) 



u v (t) = max I |u v | »-2 d(7p 

xedM , 



for f > and choose, for any A e (0, An), subsequences {f v } c (0, to) and {x v } c 
such that 

\ = fi v (t v )= f \u v \ 2J ^da g . (C-ll) 
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We can also assume that x v converges. Now we choose tq > small such that 
for any xq e dM the Fermi coordinates ip Xo ( z ) centered at xo are defined for all 
z e B+ o (0) c R" and satisfy 



-|z - z'| < rf ? (^.v (z), ^„(z')) < 2|z - z'| , for any z,z' e B r + o (0) . 
For each v we consider Fermi coordinates 

^ V = <K. :B 2 + ,.(0)^M. 
For any R v > 1 and y e B+ ( . o (0) we set 

u v (y) = R^^O/v^y)) and g „(y) = W,g)(R?y) ■ 
Let us consider z e R" and r > such that |z| + r < R^o- Then we have 



J \du v \l dv gv = J \du v ^dv g , 

Jb+(z) ' Ji/' l ,(R l T 1 B+(z)) 



and, if in addiction z e <?R", 



f 



2(n-l) 

\u v \ »-2 da| v 



f" 2(n-l) 

|u v | «- 2 dcr 

< f Kl - 

JD 2E _ lr (i/ )v (R; 1 z)) 



(C-12) 



where we have used the fact that 

^(K^'B^z)) = ^{d'B^i^z)) c D 1R - h .{^ v (R- l z)) . 

Given r e (0, ro) we fix fo < 2r. Then, given any A e ( 0, Ap) to be fixed later, 
we set R v = 2rt~ l > 2rt~ l > 1. Then it follows from <|C-11| and <|C-12| that 



I 



2(11-1) 

\u v \ »-2 dog v < A . 



(C-13) 



d>B+(z) 

Moreover, since ^pv(d'B^ R _ lr (0)) - D tv (x v ) we have 



f 2(»-l) f 

\Uy\ ""J dff| v = |«, 

Jd'BtlO) Jd,„(x v ) 



2(n-l) 

| "- 2 da„ = A . 



(C-14) 



t(0) JD tv (x v ) 

Choosing Yq smaller if necessary, we can suppose that 



\f \du\ 2 dx< f \du\ 2 dv gxoR <l[ \du\ 2 dx (C-15) 
2 Jr» Jr» 4 °' Jr" 
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for any R > 1 and any u e D : (]R" ) such that supp(w) c BJ. R (0). Here, g Xo ,R(y) = 
(\p* Xo g)(R~ 1 y). We can also assume that 

If \u\dx< f \u\do^<l[ \u\dx (C-16) 

for all u e L l {dW + ) such that supp(w) c R (0). 

Let tj be a smooth cutoff function on R" such that < r\ < 1, 7](z) = 1 for 
|z| < |, and fj(z) = for |z| > § . We set fj v (y) = /^.R^y). 

It is easy to check that j f u „ \d(fj v ii v )\ 2 dvg^ is uniformly bounded. Then the 

inequality lC-15 i implies that {fj v u v } is uniformly bounded in D : (]R") and we 
can assume that fj v u v — * u in D 1 (M") for some w. 

Claim 1. Let us set ri = r^r. There exists Aj = Ai(n) such that for any < r < r\ 
and < A < minjAi, Ao} we have 

fj v u v — > u , in H l {B\ Rr {fS)) , as V — > oo , 

for any K > 1 satisfying R < R v for all v large. 

Proof of Claim 1. We consider r e (0,ri), A 6 (0, Ao) and choose zo 6 dR" such 
that |z | < 3(2R -\)r\. By Fatou's lemma, 

I liminfJ I {|d(7] v w v )| 2 + \f\ v u v f\da„ \ dp 

< liminf I !|d(n v « v )| 2 + |77 v w v | 2 W < C, 

Jb+(z ) 1 ' 

where da p is the volume form on <? + Bp"(zo) induced by the Euclidean metric. 
Thus there exists p e [r, 2r] such that, up to a subsequence, 



f 



v M v )p + |fJ v M v r d(J p < C, for all v . 



Hence, {||f7vM v |bji(d+BJ(zo))} * s uniformly bounded and, since the embedding 

is compact, we can assume that 

fj v u v — > u in H 1/2 (d + Bp(z )) , as v — > oo . 

We set J?I = B+ (z ) - B+(z ) and let {(p v } c D : (1R") b e such that 

\(p v = i) v u v -u, in B+ +f (z ) , 
U v =0, inM:\B+_ e (z ), 
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with e > small. Then 

\\fj v U v - m|Ihi/2(^BJ(zo)) = H^vllHV2 (t?+B + (zo)) -> , as V -> oo 
and there exists {$} c D 1 ^) such that 

BUzo)) 



Hv + ^vIlH 1 ^) ^ C||^ v || H l/2(^) = C||^ v || H l/2 (5+B J 



for some C > independent of v. Here, D l {J{) is the closure of C™(ft) in H 1 ^) 
and we have set d + Jl = djln {R n + \dK n + ) and d'ft = djln dW + . 
The sequence of functions {Cv = 4>v + <^v) c D^R") satisfies 



Cv = #]vWv-w, in B+(z ), 
C = 0v + $, inB+(zo)\B+(z ), 
[Cv = 0, inK*\B+(zo). 

In particular, Cv ^ in H 1 ^). We set 

Cv(x) = K v ¥ WM^*)) , if * e ip v (B + 6ri (0)) , 

and tv(x) = 0, otherwise. Since we are assuming |z | < 3(2_R - \)r\ < 3(2_R V - 1)7-! 
for all v large, then Bg r (zo) c Bg r Rv (0). Hence, 



|iV (f?v«v - mKRv^ 1 ^))/ if x e ^(K^B^Zq)), 



[(^ + $){R v ^-\x)) , if x e ip v (R;HB; r (z )\B;(z ))) , 

and CvM = otherwise, and 

dl g {u v ) ■ Cv = dlgifjyUy) ■ Cv (C-17) 
<d(fj v u v ),dl, v > gv dvg v - \f\ v u v \^{f\ v u v )l, v dog v , 

where r] v (x) = //(r^i/vV))- 

Since there exists C > such that HCvIIh^m) ^ CHCvIId^irj)/ the sequence {Cvl 
is uniformly bounded in H l {M). Hence, 

dl g (u v ) ■ Cv -> as v -> co . (C-18) 

Noting that Cv ^ in H 1 ^) and Cv ^ in D a (M"), we obtain 

I < d{f\ v ii v ),dL >v >g v dv gv = I < d(Cv + w),dCv >g v dv gv + o(l) (C-19) 

Jb 3 +(z ) ' Jb+(z ) 

= f \dU 2 gdVg v +o(l). 
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Similarly, 

\fjvUv\^(flvUvKvdag v - I ICvl 2 "- 2 " do iy +o(l). (C-20) 

Jd'B+(z„) J<9R» 

Using ( |C-17) , 1(^18), ((019J and |(C^20} we conclude that 

f \dUUvg r = f |Cvl^d%+o(l). (C-21) 

Jrj Jdui 

Using again the facts that — » in H l {9{) and Cv — in D : (]R"), we can apply 
the identity 

I 2(n-l) 2(n-l) 2(n-l) I ii n 

|7j v M v - U\ »- 2 - |f7 v Wvl "- 2 + \u\ "- 2 < C\u\»-^\rj v u v -u\ + C\f} v U v - u|«-2|m| 



to see that 



2(n-l) f 2(n-l) 

\fj v u v \ «- 2 dog v - \u\ "-2 dog v + o(l) . 

J<9'b;(z„) 



This implies 

f \l v f^da gv < f \fl v U v \^dog.+o(l) (C-22) 

= I |fi v |^(fo ?1 , +o(l), 

Jd'B+(z ) 

where we have used the fact that fj v (z) = 1 for all z e Bp~(zo). 

If N = N(n) e N is such that <?'B+ (0) is covered by N discs <?'B+(z) with center 
z e d'B+ (0), then we can choose points z, e <9'B+(zo), i = 1, satisfying 

^'Bt(zo) c «9'B 2 + r (z ) c U^d'B^z,) . 



Hence, using [ C-13| , I C-21 1 and ( C-22| we see that 

f \dQ v \ 2 dv Sv +o{l)= f \U^da gv <NA + o(l). (C-23) 
It follows from lC-15 1, [ C-16[ and the Sobolev inequality lC-5 1 that 



J<?R" / \J(9R" 



<2^K; 



Jrj Jrj 
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Then using | C-21| and l C-23) we obtain 

f \dl, v \Uv Sv = f \U 2J ^dog v +o(l) 

n-l 

< (2 1+ ^K^' H \dU 2 s dv^ 2 +o(l) 
<2 1+ '^K^(NA + o(l))^ f \dl, v \ 2 -dv gv +o(l). 

Now we set Aj = 2 l n _ 3N and assume that A < Aj. Then2 1+ ^(NA)^K„" =r < 1 
and we conclude that 



lim f MCvl| 



dv gv = . 



Hence, Cv ^ in D^R"). Since r < p, we have 

t] v m v ^ U in HHBXzo)) . (C-24) 

Now let us choose any z = ((z ) , (Zo)") e R+ satisfying (z )" > - and 

f ~ 
|z | < 3(2R - l)n. Using this choice of z and t — — replacing r, the process 

6 

above can be performed with some obvious modifications. In this case, we have 
<9'Bg ( .,(zo) = and the boundary integrals vanish. Hence, the equality lC-21 
already implies that fj v u v — > u in H 1 (B^(zo)). 

If Ni = Ni(R, n) £ N and N 2 = N 2 (R, n) 6 N are such that the halfball BJ R (0) 
is covered by N\ halfballs of radius 1 and center in d'B^O) plus N 2 balls of 
radius 1/6 and center in {z = (z\...,z") e' B+ R (0) ; z" > 1/2}, then the halfball 
B™ (0) is covered by Ni halfballs of radius r and center in (0) plus N 2 balls 
of radius r/6 and center in {z = (z 1 , ...,z") e' B^^O) ; z n > r/2}. 

Hence, f\ v ii v — > u in H^B^j (0)), finishing the proof of Claim 1. 

Using (CM4) , (C-16) and Claim 1 with R = 1 we see that 

C P 2(n-l) 

A = \u v \ »-2 dcT| v = \f\ v u v \ "-2 rfffj r (C-25) 



f 2(n-l) 

<2 I |u| »-2 t 

Jd'B}(0) 



+ o(l) . 

(0) 



It follows that m £ 0, due to ( |C-5| |. 

Cto'm 2. We have 

lim R v = oo . 

V — >oo 

In particular, Claim 1 can be stated with any R > 1. 
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Proof of Claim 2. Suppose by contradiction that, up to a subsequence, R v — > R' 
as v — > oo, for some 1 < R' < oo. Then, since u v — ' in H : (M), we have fi v — k 
in H^B+^O)). This contradicts the fact that 

fi v r/ v ->u£0, inH^B^O)), 
which is obtained by applying Claim 1 with R — 1. This proves Claim 2. 

The fact that m is a (weak) solution of I C-10) follows easily from the fact that 
\u v ] is a Palais-Smale sequence for I g and fj v tl v — > m in D : (]R"). 
Now we set 

V v (x) = i lv (x)R^u(R v 4>- x }(x)) 

for x e tyx^Bfr (0)) and otherwise. The proof of the following claim is totally 
analogous to Step 3 on p. 37 of [22 1 with some obvious modifications. 

Claim 3. We have u v - V v — 1 0, as v — » oo, in H 1 (M). Moreover, 
dI ? (V v ) -» , dl g (u v - V v ) — > , as v -» oo , 
strongly in H l {M)' , and 

Ig(« v ) - - V v ) — > £(«) , as v — » oo . 

We finally observe that if r' Q > Ois also sufficiently small then \(i] v -T]' v )V v \ — > 
as v — » oo, where n' is a smooth cutoff function such that rf v = 1 in ib Xv (B + , (0)) 

and n|,s0 inM\ii' ll (B^"., (0)). Hence, the statement of Lemma C-6 holds for any 



Yq > sufficiently small, finishing the proof. □ 



We are now ready to prove Theorem C-2 



Proof of Theorem C-2 According to Lemma C-3 the Palais-Smale sequence \u v ] 
for l v x is uniformly bounded in H l {M). Hence, we can assume that u v u° in 

u° is 



C-4 



H l {M), and u v u° a.e in M, fo r some < u° e H l (M). By Lemma 
a solution to the equations I C-2 i. Moreover, u v = u v - u° is Palais-Smale for h 
and satisfies 

i g (u v ) = r s (u v )-i;(u°) + (i). 

If u v -> in H 1 (M), then the theo rem is proved. If u v ^ in H l {M) but not 



strongly, then we apply Lemma 
satisfying 



C-6 



to obtain a new Palais-Smale sequence {u\} 



i s (uD < i s (u v ) -f + (i) = r g (u v ) - £(u°) - e* + o(i) , 



where B* 



K 



-2(n-X) 



2(n - 1) 



The term f>* appears in the above inequality because 



E(u) > B* for any u 6 D 1 (M") nontrivial solution to the equations |C-1 1. This 
can be seen using the Sobolev's inequality | |C-5) . 
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Now we again have eithe r u\ — > in H J (M), in which case the theorem is 



proved, or we apply Lemma C-6 to obtain a new Palais-Smale sequence {u^,}. 
The process follows by induction and stops by virtue of Lemma C-5 once we 
obtain a Palais-Smale sequence {«'"} with -f ? («" ! ) converging to some f> < /3*. 

We are now left with the proof of I C-6} and the fact that the IP's obtained by 
the process above are of the form I C-4 1. To that end, we just need to follow the 
proo f of Lemma 3.3 in |22], with some simple changes, to obtain the relation 
|C-6 l and to prove that the W's are nonnegative. 

For the regularity of the IP's we can use Theoreme 1 in Cherrier's paper [18 1. 
We point out that although this theorem is established for compact manifolds we 
can use the conformal equivalence between R" and B n \ {point} and a removable 
singularities theorem (see Lemma 2.7 on p. 1821 of 1H) to apply Cherrier's 
theorem in B". 



This finishes the proof of Theorem C-2 
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